
����������� 	��
��		����
��

�������� ��������


��	���
� �� 	���	��� � 
�	�������
����
��� �� 	���	���

������� ����������� �� ������ �  � !���"�
�� #�$��� %� &�$�� 

'()* +,-./ 012(3 4(5,62673*

8129,(:(;6<3= >??@



����������� 	��
��		����
��

�������� ��������


��	���
� �� 	���	��� � 
�	�������
����
��� �� 	���	���

������� ����������� �� ������ �  � !���"�
�� #�$��� %� &�$�� 

A21-1B3 76 C2173 D26:6/<173 )3;3 +69,(:(<3 D12)(1E D121 FG<12 1E
AH<,E3 76 I15H:<62 J)(6/<(12,;= I6/)(K/ I1<6;L<()1 *

M,<32N '()* +,-./ 012(3 4(5,62673*
A,<32N 02* M/56E I1:<23;12<(/3 *

8129,(:(;6<3= >??@



OPQRSTUVWRT

XYZ [\]^\_ `aZb_c[de f _ YZ ]gZY^hijZd^ k[\l\ Xac[gd^m YZ\ n^\ d[\^g^\o p^n^\
YZ\ [\qr[gb^\ f a^hg^\ \^j rj_ ^qg[jn_ _ sn\o

ttt



uvWTQPSRwRPxUVy

z Xa A373 D37623:3m ]gZj{Z]Z^ _c\^ard^ n[ d^n_ {Z[j{Z_ e^j[\d_o |} ~� �����
���� }�� ������� � ���������o

z Xa 02* M/56E I1:<23;12<(/3m ]^g a_ hg_j {^j�_jb_ n[]^\Zd_n_ [j YZm ]^g
\r ]_{Z[j{Z_ f [\d�Yra^ {^j\d_jd[\m [j a_ [a_c^g_{Z�j n[ a_ di\Z\o

z Xa G62:3/1E 73)6/<6= 17;(/(:<21<(�3 � 3-2623m �r[ n�_ _ n�_ e_{[ ]^\Zca[
[a qrj{Z^j_YZ[jd^ n[a ]g^hg_Y_ n[ Y_[\dg�_ [j {Z[j{Z_\o

z X d^n^\ YZ\ {^Y]_�[g^\ n[ {a_\[\m �r[ {^j \r [�[Y]a^ f _YZ\d_nm Y[ [\dZYrza_g^j _ a^hg_g [\d_ Y[d_o

z X YZ\ ]_ng[\m e[gY_j^\m q_YZaZ_g[\ f _YZh^\ n[ \Z[Y]g[m ]^g \r _]^f^ Zjz
{^jnZ{Z^j_a f ]^g a_\ ]a[h_gZ_\ [j YZ q_�^go

t�



�Py�wPx

`j [\d[ dg_c_�^ \[ ]g[\[jd_ rj_ Zjdg^nr{{Z�j _ a_ d[^g�_ {r_aZd_dZ�_ n[ \Z\d[Y_\
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]_g n[ [\d_n^\ ZjZ{Z_a f �j_aÎ ÍÏri d_j hg_jn[ [\ [a {^j�rjd^ n[ ]rjd^\ ]_g_ a^\
{r_a[\ [a \Z\d[Y_ ]r[n[ \[g hrZ_n^ n[\n[ rj [\d_n^ ZjZ{Z_a x0Î Í¥r�a[\ dg_f[{d^gZ_\
n[a \Z\d[Y_ \^j g[_aZb_ca[\ f {�Y^ [j{^jdg_g {^jdg^a[\ ]_g_ \r g[_aZb_{Z�jÎop_a[\ ]g[hrjd_\ ]r[n[j \[g Y^dZ�_n_\ ]^g ]g^ca[Y_\ ]g�{dZ{^\ f \^j c�\Z{_\ ]_g_
{r_a�rZ[g [\drnZ^ {r_aZd_dZ�^ n[ \Z\d[Y_\ n[ {^jdg^ao Ðr[\dg^ ^c�[dZ�^ [j [\d[ {_]�zdra^ \[g� n[\_gg^aa_g a_\ e[gg_YZ[jd_\ �r[ j^\ {_]_{Zd[j ]_g_ {^jd[\d_g nZ{e_\ ]g[z
hrjd_\ f ]_g_ [jd[jn[g a_\ ]g^]Z[n_n[\ {r_aZd_dZ�_\ n[ rj \Z\d[Y_ n[ {^jdg^a j^
aZj[_ao
§[g[Y^\ �r[ rj_ {a_\[ hg_jn[ n[ ]g^ca[Y_\ n[ \Z\d[Y_\ n[ {^jdg^a ]r[n[j \[g
g[]g[\[jd_n^\ ]^g rj_ q_YZaZ_ n[ {_Y]^\ n[ �[{d^g[\o �_\ ]g^]Z[n_n[\ {r_aZd_dZ�_\
n[ a^\ \Z\d[Y_\ n[ {^jdg^a n[][jn[j n[ a_\ ]g^]Z[n_n[\ n[ a^\ {_Y]^\ n[ �[{d^g[\ f
a_\ Zjd[g_{{Z^j[\ [jdg[ [aa^\o �_ e[gg_YZ[jd_ c�\Z{_ �r[ j^\ {_]_{Zd_ ]_g_ [jd[jn[g
a_\ Zjd[g_{{Z^j[\ [jdg[ a^\ nZq[g[jd[\ {_Y]^\ n[ �[{d^g[\ [\ [a {^g{e[d[ n[ �Z[o
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`j [\d_ \[{{Z�j n[�jZg[Y^\ rj \Z\d[Y_ n[ {^jdg^a f �[g[Y^\ _ahrj^\ [�[Y]a^\
�r[ Y^dZ�_j [a [\drnZ^ n[ d_a[\ \Z\d[Y_\o
06ä/()(K/ ¡*¡* å� æ�}���}ç å�����ç æ� è�}�é�� ç ê} ������ç æ� �ç ë�é�ç

Σ : ẋ = f(x, u)

æ�}æ� �� ��ç�çæ� ���çæ� æ�
Σ� ���ç �ç��é�� �} ê} �êìí�}îê}�� çì��é�� ï æ�

R
nð� �} ê}ç �çé��æçæ æ�ë �é�}í�çì�� ï æ� �éæ�} }ñ � ê� ��ç�çæ� í�}�é��� ���ç �ç��é��

�} ê} í�}îê}�� òó ô�� í�}îê}��� ï � ò ��} ��ç�çæ�� |�õçí�� |��çæ� � è�}îê}��
è�}�é��� é��õ�í���ç��}��ó
öB6;GE3 ¡*¡* ð÷��� ç ø���é ��ìé� ê} ôçù�ñè�}��æ�é���� ê} ì��� ç ����é ��ìé� ê} �çù�ó ú�æ���� ��í�î �é ê} ������ç æ�
í��éæ�}çæç� �} �� íêç�� �� �çù� �� �æ�}��ûíçæ� í�} ê} �êìí�}îê}�� ï æ�

R
2 � ��

���çæ� æ�� ì��� í�} ê} õê}�� x = (x1, x2)∈R
2 ó |� �������}�� æ� æ�íü� ì��� õê�æ�

��é ��æ��çæ� õ�é �� ������ç æ� í�}�é��ý

ẋ = u

æ�}æ� �� í�}�é�� u = (u1, u2)
�� �� ��í��é ����í�æçæ� �� íêç� õ�é��}�í� ç� í�}îê}��

U = {u ∈ R
2 : ‖u‖ ≤ m}� ���}æ� ‖u‖ =

√
(u1)2 + (u2)2 � m �� �ç ����í�æçæ

�ç���ç� æ�� ì���ó
öB6;GE3 ¡*>* ð÷��� ç ø���é ��ìé� ê} þÿ�ñ
è�}��æ�é���� �� õé�ì���ç ç}��é��é� õ�é� �} ��� æ� ê} �çù�� �êõ�}ùç��� �ê� �� ì���
}ç��ùç ��ìé� ê} éÿ�ó |}��}í�� �� í�}îê}�� æ� ����í�æçæ�� æ�� ì���� F (x)� æ�õ�}æ�æ� �ç í�éé��}�� æ�� éÿ� �} íçæç õê}��ó ôê�ù�� �ç �íêçí��} �ê� ��æ��ç �� õé�ì���ç
��ý

ẋ = F (x) = f(x) + u

æ�}æ� �� í�}�é�� u �� �� ��í��é ����í�æçæ æ�� ì��� � f(x)
�� �� ��í��é ����í�æçæ æ�

�ç í�éé��}�� æ�� éÿ� �} �� õê}�� x ó
¦



F-:62�1)(K/ ¡*
å� õê�æ� í�}��é�çé �ç �íêçí��} ẋ = u �� �� í�}�é�� �� Ũ(x) = f(x) + U ó

öB6;GE3 ¡*±* ð÷��� ç ���ç ��ìé� ê} ôçù�ñè�}��æ�é���� ê} ì��� ç ���ç ��ìé� ê} �çù�ó åêõ�}ùç��� �ê� �� ���}�� �� ���çì���
�� æ�í�é� �ê� ���}� ê}ç æ�é�íí��} � ëê�é�ç í�}��ç}���ó ��êÿ� �� �������}�� æ�� ì���
õê�æ� ��é ��æ��çæ� õ�é �ç �íêçí��}

ẋ = V (θ),

æ�}æ� θ �� �� �}ùê�� æ� ��� �î �� æ�� ì��� í�} é��õ�í�� ç� ���}��ó θ �� �éç�çæ� í���
í�}�é�� � ���ç �ç��é�� �} �� í�}îê}�� U = (α, 2π−α)� ���}æ� α �� �}ùê�� ��}��ç�
í�} �� íêç� �� ì��� �� �ê��� �} í�}�éç æ�� ���}�� � V �� �ç ����í�æçæ �ê� æ�õ�}æ� æ�
θ ó �ü�éç ì��}� �} ���� õé�ì���ç �� í�}�é�� θ õê�æ� ��é é���é�í�� ���� ç æ�� �ç��é��ý
θ = ±θopt

� æ�}æ� θopt �ç�����ç �ç� õçéç���ç� ç �ç� í��õ�}�}��� æ�� ���}�� æ�
V (θ)ðæ�é�ù�æ� �} í�}�éç æ�� ���}��ñó

�� ���� ��æ�� �� ������ç �� é�æêí� ç æ�� ������ç� í�} æ�� ����í�æçæ�� õ���ì����
V + = V (θopt)

� V − = V (−θopt)ó
ú�é �� íç�ì�� æ� ��éçî �� � �� ����õ� ùç��çæ� õçéç íçæç ��éçî � ðæ�é�íü� � ���ê��é�

æ�ñ õé�õ�éí��}ç� ç í�}��ç}��� λ+
� λ− � é��õ�í���ç��}��� í�} λ+ + λ− = 1

�� ì���
íç�ì�ç �ê õ���í��} í�} ê}ç ����í�æçæ õé���æ��

Vprom = λ+V (θopt) + λ−V (θ−opt).
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X 3 p 7→ f(p) ∈ TpX
�

�ç íêç� ç��ù}ç ê} ��í��é �ç}ù�}�� �}
p� ç íêç��ê��é õê}�� p �}

X ó ò}ç ëê}í��}
ç}���ùç æ�û}�æç ��ìé� ê} �êìí�}îê}�� çì��é�� æ�

X � ���ç��}��� ��é� ��ç�çæç èç��
õ� æ� ��í��é�� úçéí�ç�ó
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çñ è�}��æ�éç}æ� ê}ç õçéç���é��çí��} x : U ⊂ R
m −→ X

�� õ���ì�� ��íé�ì�é

f(p) =
n∑

i= 1

ai(p)
∂

∂xi
,

æ�}æ� íçæç ai : U −→ R
�� ê}ç ëê}í��} �}

U � {
∂

∂xi
}

�� �ç ìç�� ç��í�çæç ç
x,

i = 1, 2, . . . ,m.
��é���� �ê� �� íç�õ� æ� ��í��é�� f �� æ�ë �é�}í�çì�� �� �ç� ëê}í��}��

ai
��} æ�ë �é�}í�çì��� ��ìé� U.
|} �� íç�� �} �ê� X �� ê} �êìí�}îê}�� çì��é�� æ�

R
n �� ���}� �� ��ùê��}��ý

ìñ å� õê�æ� �æ�}��ûíçé TpX í�}
R
n
ðí�}��æ�éç}æ� ç ê} ��í��é �ç}ù�}��� í���

ê}ç æ���é��}çæç í�ç�� æ� ��ê��ç��}í�çñó
íñ úçéç íêç��ê��é íç�õ� æ� ��í��é�� ð� íç�õ� ��í��é�ç� õçéí�ç�ñ f � õ�æ����

��íé�ì�é �ç �íêçí��} æ�ë �é�}í�ç� ẋ = f(x)ó
æñ |� íç�õ� æ� ��í��é�� f õê�æ� ��é ��õé��çæ� í��� ê} ��í��é í��ê�}ç

f = (f1, f2, ..., fn)
T ó ��é���� �ê� f �� æ� í�ç��Ck �� �ê� í��õ�}�}��� ��} æ� í�ç��

Ck ó
`j _n[a_jd[m dg_c_�_g[Y^\ r\r_aY[jd[ {^j {_Y]^\ n[ {a_\[ C∞

o `a [\]_{Z^ n[
d_a[\ {_Y]^\ n[ �[{d^g[\m q^gY_ rj [\]_{Z^ aZj[_a n[j^d_n^ ]^g V (x)

o
�[_

X
rj \rc{^j�rjd^ _cZ[gd^ n[

R
n Á̂ X

rj_ �_gZ[n_n nZq[g[j{Z_ca[Âo p[j[Y^\
a_\ \ZhrZ[jd[\ n[�jZ{Z^j[\o
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06ä/()(K/ ¡*±* å� æ�}���}ç 
éç}�ë�é�çí��}��ë �é�}í�çì�� ð� ���õ����}�� 
éç}��
ë �é�çí��}ñ æ�

X � ç ê} æ�ë ����éû��� æ�
X ��ìé� �� �����ó

06ä/()(K/ ¡*́ * ò} �éêõ� ��úçé����é� æ� 
éç}�ë�é�çí��}�� æ�X �� ê}ç ëê}í��}
æ�

R × X
�}

X � (t, p) ∈ R × X 7−→ γt(p) ∈ X � �ç íêç� �ç���ëçí� �ç� ��ùê��}���
í�}æ�í��}��ý�ñúçéç íçæç t ∈ R

� γt : p 7−→ γt(p)
�� ê}ç �éç}�ë�é�çí��} æ�

X.�ñúçéç íçæç t, s ∈ R
� p ∈ X � γt+s(p) = γt(γs(p)).

06ä/()(K/ ¡*¸* å�ç Iε ê} �}��é�ç�� çì��é�� (−ε, ε) � U ê} í�}îê}�� çì��é�� æ�
X óò} �éêõ� ��úçé����é� æ� 
éç}�ë�é�çí��}�� ô�íç��� æ�

X
æ�û}�æ� ��ìé� Iε × U�� ê}ç ëê}í��} æ�

Iε × U
�}
X � (t, p) ∈ Iε ×U 7−→ γt(p) ∈ U � �ç íêç� �ç���ëçí� �ç�

��ùê��}��� í�}æ�í��}��ý�ñ úçéç íçæç t ∈ Iε
� γt : p 7−→ γt(p)

�� ê} æ�ë ����éû��� æ�
U ��ìé� �� í�}îê}��

çì��é�� γt(U)
æ�
X ó�ñ å� t, s, t+ s ∈ Iε

� p, γs(p) ∈ U � �}��}í��� γt+s(p) = γt(γs(p)).

F-:62�1)(K/ ±*
çñ ������� �ê�� γ−t = (γt)

−1 � γ0 = Id.

ìñ ��é���� �ê� ê}ç íêé�ç æ�ë �é�}í�çì�� γ ��ìé� X �� ê}ç ����� �������� ��
X �� γ̇(t) = f(γ(t)), õçéç íçæç t �} �� æ���}�� æ�

γ.

íñ èçæç �éêõ� ��úçé����é� æ� �éç}�ë�é�çí��}�� γt �}æêí� ê} íç�õ� æ� ��í�
��é�� f í��� ��ùê�ý úçéç íçæç õê}�� p ∈ X � Xp

�� �� ��í��é �ç}ù�}�� ç �ç íêé�ç
x(t) = γt(p)

� ��ç�çæç �ç ������ æ�
p� �} p = γ0(p) ó �� ë�é�ç ç}���ùç � ê} �éêõ���úçé����é� æ� �éç}�ë�é�çí��}�� ��íç��� �}æêí� ê} íç�õ� æ� ��í��é�� f æ�û}�æ�

��ìé� ê} çì��é�� U æ�
X ó úçéç �� íç�� �} �ê� X �� ê} �êìí�}îê}�� çì��é�� æ�

R
n

��}���� �ê� æ�íü� íç�õ� æ� ��í��é�� ���� æçæ� õ�éý

f(p) =
∂

∂t

∣∣∣∣
t=0

γt(p).
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D23G3:()(K/ ¡*¡* å�ç f ê} íç�õ� æ� ��í��é�� ��ìé� ê}ç �çé��æçæ æ�ë �é�}í�çì��
X ó úçéç íçæç õê}�� p0 ∈ X � ������ ê}ç ��í�}æçæ U æ�

p0
� ê} } ��é� õ������� ε �

ê} ùéêõ� ��õçé����é� æ� �éç}�ë�é�çí��}�� ��íç��� γt : U 7−→ X � t ∈ Iε
� �� íêç� ��

�}æêí�æ� õ�é �� íç�õ� f æçæ�ó
������éçí��}ó �[_ u1, u2, ..., un

rj \Z\d[Y_ n[ {^^gn[j_n_\ a^{_a [j rj_ �[{Zjn_n
W

n[
p0
m d_a �r[mu1(p0) = u2(p0) = ... = un(p0) = 0

o �[_
f =

∑
ξi(u1, u2, ..., un)

∂

∂ui[j W o ¥^j\Zn[g[Y^\ [a \ZhrZ[jd[ \Z\d[Y_ n[ [{r_{Z^j[\ nZq[g[j{Z_a[\ ^gnZj_gZ_\Ã
∂gi
∂t

= ξi(g1(t), g2(t), ..., gn(t)), i = 1, 2, ....n,

{^j qrj{Z^j[\ n[\{^j^{Zn_\ g1(t), g2(t), ..., gn(t)
o ½^g [a d[^g[Y_ qrjn_Y[jd_a n[

\Z\d[Y_\ n[ [{r_{Z^j[\ nZq[g[j{Z_a[\ ^gnZj_gZ_\m [�Z\d[ rj ljZ{^ {^j�rjd^ n[ qrjz
{Z^j[\ g1(t;u), g2(t;u), ..., gn(t;u)

n[�jZn_\ ]_g_ u = (u1, ..., un)
{^j |uj| < δ1

f
]_g_ |t| < ε1

m [a {r_a q^gY_ rj_ \^ar{Z�j n[ a_ [{r_{Z�j nZq[g[j{Z_a ]_g_ {_n_ u ��^
f \_dZ\q_{[ a_ {^jnZ{Z�j ZjZ{Z_a gi(0;u) = ui

o
�[_

γt(u) = (g1(t;u), g2(t;u), ..., gn(t;u))
]_g_ |t| < ε1

f
u
[j U1 = {u; |uj| < δ1}

o
�Z

|t|, |s|
f
|t + s|

\^j d^n^\ Y[j^g[\ �r[ ε1 f _Yc^\ u f
γs(u)

[\d�j [\
U1

m [jzd^j{[\ a_\ qrj{Z^j[\ hi(t) = gi(t+ s;u)
\^j rj_ \^ar{Z�j n[ a_ [{r_{Z�j nZq[g[j{Z_a

]_g_ {^jnZ{Z^j[\ ZjZ{Z_a[\ hi(0) = gi(s;u)
o ½^g rjZ{Zn_n n[ a_\ \^ar{Z�j d[j[Y^\

hi(t) = gi(t; γs(u))
o `\d^ ]gr[c_ �r[ γt(γs(u)) = γt+s(u)

o !_ �r[ γ0

[\ a_ dg_j\q^gzY_{Z�j Zn[jdZn_n n[
U1

m [�Z\d[j δ > 0
f
ε > 0m d_a[\ �r[m ]_g_ U = {u; |uj| < δ}m

γt(U) ⊂ U1

\Z
|t| < ε

o �r[h^m γ−t(γt(u)) = γt(γ−t(u)) = γ0(u) = um ]_g_ d^n^ u ∈ Uf
|t| < ε

o `\d^ ]gr[c_ �r[ γt [\ rj nZq[^Y^g�\Y^ n[
U ]_g_ |t| < ε

o X\�m γt [\ rjhgr]^ ¤z]_g�Y[dg^ n[ dg_j\q^gY_{Z^j[\ a^{_a[\ n[ X n[�jZn^ \^cg[ Iε × U
o

½^g a_ {^j\dgr{{Z�j n[
γt
m [\ [�Zn[jd[ �r[ γt Zjnr{[ [a {_Y]^ n[ �[{d^g[\ f [j U o

�

06ä/()(K/ ¡*"* å�ç X ê} �êìí�}îê}�� çì��é�� æ�
R
n
ð� X ê}ç �çé��æçæ æ�ë �é�}�

í�çì��ñ � f ê} íç�õ� æ� ��í��é�� ��ìé� X ó ôç ëç����ç æ� �éç}�ë�é�çí��}�� ��íç���
γt
� æ�� ùéêõ� �� õçé����é� �}æêí�æ� õ�é f �� ��ç�çæç #�êî � ô�íç� ð� ���õ����}��#�êî �ñ æ�� íç�õ� ��í��é�ç� f ó �æ����� �� �ç ���êí��} γt(p) ���� ì��} æ�û}�æç õçéç

��æ� t∈R
� p∈X � �}��}í�� �� íç�õ� æ� ��í��é�� f ��� ��ç�çæ� è��õ����ó

¯[j^d_g[Y^\ [a ¾r�^ a^{_a n[ rj {_Y]^ n[ �[{d^g[\ ]^g γft ^ ]^g exp(tf)
o
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D23G3:()(K/ ¡*>* å�ìé� ê}ç �çé��æçæ í��õçí�ç X � ��æ� íç�õ� æ� ��í��é�� f ��
í��õ����ó
������éçí��}ó ½_g_ {_n_ ]rjd^ p ∈ X m \[_ U(p)

rj_ �[{Zjn_n n[
p
f
ε(p)

rj
jlY[g^ ]^\ZdZ�^ d_a �r[m [a {_Y]^ n[ �[{d^g[\ f h[j[g_ rj hgr]^ ¤z]_g�Y[jdg^ n[
dg_j\q^gY_{Z^j[\ a^{_a[\ γt \^cg[ Iε(p)×U(p)

o!_ �r[X [\ {^Y]_{d^m [a {rcgZYZ[jd^
_cZ[gd^ {U(p); p ∈ X}

dZ[j[ rj \rc{rcgZYZ[jd^ �jZd^ {U(pi); i = 1, ..., k}
o �[_

ε = min{ε(p1, ..., ε(pk)}
o X\�m γt(p) [\d� n[�jZn_ \^cg[ Iε × X

f ]^g d_jd^ \^cg[
R ×X

o
�

½_g_ _Y]aZ_g f$^ {^Y]a[Y[jd_g a^\ g[\rad_n^\ ]g[\[jd_n^\ [j [\d_ \[{{Z�jm \[
]r[n[ {^j\rad_g ¿¤Ào

ÑÒ%Ò ÛÜÞ	&×Ö× Ú× 'Ô× à Õ�Õ áÞÜáÔ×ÚÙÚ×Õ

sj \Z\d[Y_ n[ {^jdg^a ]r[n[ \[g {^j\Zn[g_n^ {^Y^ rj_ {^a[{{Z�j n[ {_Y]^\ n[
�[{d^g[\ ]_g_Y[dgZb_n^\ ]^g rj ]_g�Y[dg^ aa_Y_n^ {^jdg^ao `\ j_drg_a [\][g_g �r[
a_\ ]g^]Z[n_n[\ c�\Z{_\ n[ d_a[\ \Z\d[Y_\ n[][jn_j n[ a_\ Zjd[g_{{Z^j[\ [jdg[ a^\
nZq[g[jd[\ {_Y]^\ n[ �[{d^g[\ {^gg[\]^jnZ[jd[\ _ nZq[g[jd[\ {^jdg^a[\o �^cg[ d_a[\
{_Y]^\ \[ ]r[n[j e_{[g _ahrj_\ ^][g_{Z^j[\ _ah[cg_Z{_\m {^Y^ d^Y_g {^YcZj_z
{Z^j[\ aZj[_a[\ f d^Y_g rj ]g^nr{d^ aa_Y_n^ {^g{e[d[ n[ �Z[o
`�Z\d[j dg[\ n[�jZ{Z^j[\ [�rZ�_a[jd[\ n[ {^g{e[d[ n[ �Z[ f n_g[Y^\ {_n_ rj_ n[
[aa_\ ]^\d[gZ^gY[jd[o `j [\d_ \[{{Z�j {^Y[jb_g[Y^\ ]^g n_g a_ n[�jZ{Z�j Y�\ \[jz
{Zaa_ [j

R
n f _ahrj_\ ]g^]Z[n_n[\o

06ä/()(K/ ¡*@* å�çX ⊂ R
n � ��ç} f � g íç�õ�� æ� ��í��é�� ��ìé�X ó |� è�éíü���æ� ô�� æ�

f � g �� ��é� íç�õ� æ� ��í��é�� æ�û}�æ� í��� ��ùê�ý
[f, g] =

∂g

∂x
(x)f(x) −

∂f

∂x
(x)g(x),

donde
∂f

∂x
y

∂g

∂x
denotan las matrices jacobianas de f y g. Llamaremos a

ª



����� ��û}�í��} (çí�ì�ç}ç æ�� í�éíü��� æ� ô��ó
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|� è�éíü��� æ� ô�� æ� æ�� íç�õ�� æ� ��í��é��� �� ��é� íç�õ� æ� ��í��é�� �ê�
��æ� �ç )}� í�}�ê�ç����æçæ)æ� ��� *êî�� æ� ç�ì�� íç�õ�� æ� ��í��é��ó
öB6;GE3 ¡*́ * å�ç} f = (1, 0)T � g = (0, x1)

T
æ�� íç�õ�� æ� ��í��é�� ��ìé�

R
n ó|}��}í���

[f, g] =
∂g

∂x
(x)f(x) −

∂f

∂x
(x)g(x)

=




∂g1

∂x1

(x)
∂g1

∂x2

(x)

∂g2

∂x1

(x)
∂g2

∂x2

(x)


 f(x) −




∂f1

∂x1

(x)
∂f1

∂x2

(x)

∂f2

∂x1

(x) ∂f2
∂x2

(x)


 g(x)

=

(
0 0

1 0

)(
1

0

)
−

(
0 0

0 0

)(
0

x1

)

=

(
0

1

)
−

(
0

0

)

=

(
0

1

)

= (0, 1)T .

D23G3:()(K/ ¡*±* |� í�éíü��� æ� ô�� æ� ��� íç�õ�� æ� ��í��é�� f � g �� �æ�}���
íç��}�� �ùêç� ç í�é�� �� � ���� ��� �ê� *êî�� í�}�ê�ç}+ �� æ�í�é�

[f, g] ≡ 0 ⇐⇒ γft ◦ γ
g
s (p) = γgs ◦ γ

f
t (p), ∀s, t ∈ R y ∀p ∈ X,æ�}æ� �ç �ùêç�æçæ æ�� �çæ� æ�é�íü� æ�ì� ��é �ç���ë �íüç õ�é ç�ê����� �ç��é�� æ�

s� t� p õçéç ��� íêç��� ç�ì�� �çæ�� ����} ì��} æ�û}�æ��ó
�r[h^m [f, g] ≡ 0

[�rZ�_a[ _ n[{Zg �r[m \Z {^Y[jb_Y^\ [j rj ]rjd^ p f _�_jb_Y^\
_ a^ a_gh^ n[ a_ dg_f[{d^gZ_ n[

f ]_g_ rj dZ[Y]^ tm [jd^j{[\ _�_jb_jn^ _ a^ a_gh^
¶



n[ a_ dg_f[{d^gZ_ n[
g ]_g_ rj dZ[Y]^ sm [ Zj�ZgdZ[jn^ [a ^gn[j n[ a^\ {_Y]^\ f f

g m ^cd[j[Y^\ [a YZ\Y^ g[\rad_n^oÁ�[g �hrg_ ¤o¤Â

¨Zhrg_ ¤o¤Ã
�_ n[Y^\dg_{Z�j \[ e_g� Y�\ d_gn[m ]r[\ _lj j^ {^jd_Y^\ {^j a_\ e[gg_YZ[jd_\

j[{[\_gZ_\ ]_g_ g[_aZb_g nZ{e_ ]gr[c_o
D23G3:()(K/ ¡*́ * #�î ���� ê}

p ∈ X � í�}��æ�é���� �ç íêé�ç
α(t) = γg−t ◦ γ

f
−t ◦ γ

g
t ◦ γ

f
t (p)

�}��}í��� α′(0) = 0 � α′′(0) = 2[f, g](p)ó

¨Zhrg_ ¤o¦Ã
¯[ [\d_ ]g^]^\Z{Z�j ]^n[Y^\ {^j{arZg �r[ n[\]ri\ n[ rj_ {^j�[jZ[jd[ g[]_g_Y[zdgZb_{Z�jm [a �[{d^g d_jh[jd[ _ a_ {rg�_ t −→ γ(t)m [\ Zhr_a _ 2[f, g](p)

Á�[g �hrg_
¤o¦Âo `\d^ ZY]aZ{_ �r[ a^\ ]rjd^\ _a{_jb_ca[\ n[\n[ p ]^g Y[nZ^ n[ a^\ {_Y]^\ n[
�[{d^g[\ f f

g
\[ [j{r[jdg_j j^ \^a^ [j a_\ nZg[{{Z^j[\ n[ f(p)

f
g(p)m \Zj^ d_YcZij

[j a_ nZg[{{Z�j n[a {^g{e[d[ n[ �Z[
[f, g](p)

o `\d[ e[{e^ \[g� n[ hg_j ZY]^gd_j{Z_
[j [a [\drnZ^ n[ a_\ ]g^]Z[n_n[\ n[ {^jdg^a_cZaZn_n n[ \Z\d[Y_\ n[ {^jdg^a j^ aZj[_ao

X {^jdZjr_{Z�j ]g[\[jd_Y^\ n[ rj_ q^gY_ Y�\ n[d_aa_n_m a_ ]gr[c_ �r[ _]_g[{[
[j ¿¦À Á]_h ¦¦«Âo

³



������éçí��}ó ¯[�j_Y^\
α1(h, t) = γgh(γ

f
t (p)),

α2(h, t) = γf−h(γ
g
t γ

f
t )(p)),

α3(h, t) = γg−h(γ
f
−t(γ

g
t γ

f
t )(p)),n[ n^jn[m

α(h) = γg−h(γ
f
−h(γ

g
hγ

f
h)(p))

= α3(h, h).
Á¤o¤Â

,�\ _ljm
α2(0, h) = γf0 (γgh(γ

f
h(p)))

= γgh(γ
f
h(p))

= α1(h, h).
Á¤o¦Â

α3(0, h) = γg0(γ
f
h(γ

g
hγ

f
h)(p))

= γf−h(γ
g
h(γ

f
h(p)))

= α2(h, h).
Á¤o©Â

f ]_g_ {r_a�rZ[g qrj{Z�j C∞ φ : X −→ R
m

∂

∂h

∣∣∣∣
(h1,t1)

(φ ◦ α1) = ĺım
t→0

1

t
[φ(α1(h1 + t, t1)) − φ(α1(h1, t1))]

= ĺım
t→0

1

t
[φ(γgh1+t(γ

f
t1(p))) − φ(γgh1

(γft1(p)))]

= ĺım
t→0

1

t
[φ(γgt (γ

g
h1

(γft1(p))) − φ(γgh1
(γft1(p)))]

= ĺım
t→0

1

t
[φ(γgt (α1(h1, t1)) − φ(α1(h1, t1))]

= g(φ(α1(h1, t1))).

¤-



½^g d_jd^m
∂(φ ◦ α1)

∂h
= g(φ ◦ α1).

Á¤o«Â

∂

∂h

∣∣∣∣
(h1,t1)

(φ ◦ α2) = ĺım
t→0

1

t
[φ(α2(h1 + t, t1)) − φ(α2(h1, t1))]

= ĺım
t→0

1

t
[φ(γf

−(h1+t)
(γgt1(γ

f
t1(p)))) − φ(γf−h1

(γgt1(γ
f
t1(p))))]

= ĺım
t→0

1

t
[φ(γf−t(γ

f
−h1

(γgt1(γ
f
t1(p)))) − φ(γ−h1(γ

g
t1(γ

f
t1(p))))]

= ĺım
t→0

1

t
[φ(γf−t(α2(h1, t1)) − φ(α2(h1, t1))]

= ĺım
r→0

1

−r
[φ(γfr (α2(h1, t1)) − φ(α2(h1, t1))]

= − ĺım
r→0

1

r
[φ(γfr (α2(h1, t1)) − φ(α2(h1, t1))]

= −f(φ(α2(h1, t1))).

�r[h^m
∂(φ ◦ α2)

∂h
= −f(φ ◦ α1)

Á¤o­Â

¯[ q^gY_ _j�a^h_ \[ ^cdZ[j[ �r[
∂(φ ◦ α3)

∂h
= −g(φ ◦ α3).

Á¤o¬Â

¤¤



^c\[g�[Y^\ d_YcZij �r[m
∂

∂t

∣∣∣∣
(0,t)

(φ ◦ α1) = ĺım
s→0

1

t
[φ(α1(0, t+ s)) − φ(α1(0, t))]

= ĺım
s→0

1

s
[φ(γg0(γ

f
t+s(p))) − φ(γg0(γ

f
t (p)))]

= ĺım
s→0

1

s
[φ(γg0(γ

f
s (γ

f
t (p))) − φ(γg0(γ

f
t (p)))]

= ĺım
s→0

1

s
[φ(γfs (γ

f
t (p)) − φ((γft (p))]

= ĺım
s→0

1

s
[φ(γfs (α1(0, t)) − φ(α1(0, t))]

= f(φ(α1(0, t))). Á¤oªÂ
½^g ^dg^ a_n^m
(φ ◦ α)′ = φ′(α(0))α′(0)

= φ′(α3(0, 0))α′
3(0, 0) (por (1·1))

= (φ ◦ α3)
′(0, 0)

= D1((φ ◦ α3)(0, 0) +D2((φ ◦ α3)(0, 0))

= D1((φ ◦ α3)(0, 0)) + [D1((φ ◦ α2)(0, 0)) +D2((φ ◦ α2)(0, 0))] (por (1·3))

= D1((φ ◦ α3)(0, 0)) + [D1((φ ◦ α2)(0, 0)) + [D1((φ ◦ α1)(0, 0))

+D2((φ ◦ α1)(0, 0))]] (por (1·2))

= D1((φ ◦ α3)(0, 0)) +D1((φ ◦ α2)(0, 0)) +D1((φ ◦ α1)(0, 0))

= +D2((φ ◦ α1)(0, 0))

= −g(φ(α3(0, 0))) − f(φ(α2(0, 0))) + g(φ(α1(0, 0))) + f(φ(α1(0, 0)))

= −g(φ(p)) − f(φ(p)) + g(φ(p)) + f(φ(p)).

= 0.

Xe^g_ cZ[jm
(φ ◦ α)′(t) = α′(t)(φ)Á_{{Z�j n[a �[{d^g d_jh[jd[ α′(t)

\^cg[ rj_ qrj{Z�j φÂo

¤¦



�r[h^m {^Y^ φ : X −→ R
[\ _gcZdg_gZ_m [jd^j{[\

(φ ◦ α)′(t) = 0 ⇒ α′(0)(φ) = 0 ⇒ α′(0) = 0.

½g^c_g[Y^\ _e^g_ �r[ α′′(0, 0) = 2[f, g](p).

®c\[g�[Y^\ �r[m
(φ ◦ α)′′(0) = D1[D1(φ ◦ α3)(0, 0) +D2(φ ◦ α3)(0, 0)]

+D2[D1(φ ◦ α3)(0, 0) +D2(φ ◦ α3)(0, 0)]

= D1,1(φ ◦ α3)(0, 0) +D1,2(φ ◦ α3)(0, 0)

+D2,1(φ ◦ α3)(0, 0) +D2,2(φ ◦ α3)(0, 0)

= D1,1(φ ◦ α3)(0, 0) + 2D2,1(φ ◦ α3)(0, 0)

+D2,2(φ ◦ α3)(0, 0). Á¤o¶Â
Xe^g_ cZ[jm

D1,1(φ ◦ α3)(0, 0) = D1[D1(φ ◦ α3)(0, 0)]

= D1[−gφ(α3(0, 0))]

= −[−ggφ(α3(0, 0))]

= ggφ(p). Á¤o³Â

2D2,1(φ ◦ α3)(0, 0) = 2D2[D1(φ ◦ α3)(0, 0)]

= 2D1[−gφ(α3(0, 0))]

= 2[−D1gφ(α2)(0, 0) −D2gφ(α2)(0, 0)]

= 2fgφ(p) − 2D2gφ(α2(0, 0))

= 2fgφ(p) − 2[D1gφ(α1(0, 0)) +D2gφ(α1(0, 0)]

= 2fgφ(p) − 2ggφ(p) − 2fgφ(p). Á¤o¤-Â
¤©



D2,2(φ ◦ α3)(0, 0) = D1D1(φ ◦ α2)(0, 0) + 2D2D1(φ ◦ α2)(0, 0) +D2D2(φ ◦ α2)(0, 0)

= D1[−fφ(α2(0, 0))] + 2D2[−fφ(α2(0, 0))] +D2D2(φ ◦ α2)(0, 0)

= ffφ(p) − 2[D1fφ(α1(0, 0)) +D2fφ(α2(0, 0))] +D2D2(φ ◦ α2)(0, 0)

= ffφ(p) − 2gfφ(p) − ffφ(p) +D2D2(φ ◦ α2)(0, 0). Á¤o¤¤Â
Xn[Y�\m
D2D2(φ ◦ α2)(0, 0) = D1D1[φ(α1(0, 0))] + 2D2D1[φ(α1(0, 0))] +D2D2[φ(α1(0, 0))]

= ggφ(p) + 2fgφ(p) + ffφ(p). Á¤o¤¦Â
�r\dZdrf[jn^ Á¤o³ÂmÁ¤o¤-ÂmÁ¤o¤¤Â f Á¤o¤¦Â [j Á¤o¶Â \[ ^cdZ[j[ �r[
(φ ◦ α)′′(0) = ggφ(p) + [2fgφ(p) − ggφ(p) − 2fgφ(p)]

+[ffφ(p) − 2gfφ(p) − 2ffφ(p)] + [ggφ(p) + 2fgφ(p) + ffφ(p)]

= −2gfφ(p) + 2fgφ(p)

= 2(fgφ(p) − gfφ(p))

= 2[f, g]pφ.

½[g^m ]^g n[�jZ{Z�j
(φ ◦ α)′′(0) = α′′(0)φ.

Á_{{Z�j n[a �[{d^g d_jh[jd[ α′′(t)
\^cg[ a_ qrj{Z�j φÂo `jd^j{[\m

α′′(0) = 2[f, g](p).

�

¤«



F-:62�1)(K/ ¸*
������� �ê� α′′(0) ∈ TpX

+ �} �ë �í���
α′′(0)(φ1.φ2) = ((φ1.φ2) ◦ α)′′(0)

= ((φ1 ◦ α)(φ2 ◦ α))′′(0)

= ((φ1 ◦ α)′(φ2 ◦ α) + (φ1 ◦ α)(φ2 ◦ α)′)′(0)

= (φ1 ◦ α)′′(0)(φ2 ◦ α)(0) + (φ1 ◦ α)′(0)(φ2 ◦ α)(0)′

+(φ1 ◦ α)′(0)(φ2 ◦ α)′′(0) + (φ1 ◦ α)(0)(φ2 ◦ α)′′(0)

= (φ1 ◦ α)′′(0)(φ2 ◦ α)(0) + (φ1 ◦ α)(0)(φ2 ◦ α)′′(0)

= α′′(0)(φ1)φ2(p) + α′′(0)(φ2)φ1(p),

æ�}æ� �ç õ�} ����ç �íêçí��} �� æ�ì� ç� ü�íü� æ� �ê� (φ1 ◦α)′(0) = α′(0)φ = 0. ú�é�ç}��� α′′(0)
�� ê}ç æ�é��çí��}ó ��ç��� çü�éç �ê�� α′′(0)

�� ��}�ç�ó

α′′(0)(λφ1 + βφ2) = ((λφ1 + βφ2) ◦ α)′′(0)

= ((λφ1 ◦ α) + (βφ2 ◦ α))′′(0)

= ((λφ1 ◦ α)′ + (βφ2 ◦ α)′)′(0)

= (λ(φ1 ◦ α)′ + β(φ2 ◦ α)′)′(0)

= λ(φ1 ◦ α)′′ + β(φ2 ◦ α)′′(0)

= λα′′(0)φ1 + βα′′(0)φ2.

ôê�ù��
α′′(0) ∈ TpX.

¤­



ÑÒ.Ò ÛÙØâÔÜ Ú× ÛÜÜÞÚ×ÝÙÚÙÕ à ÛÜÞ	&×Ö× Ú× 'Ô×

¥^j YZg_\ _ Zjdg^nr{Zg [a {^g{e[d[ n[ �Z[ [j qrj{Z�j n[a ¾r�^m {^j\Zn[g[Y^\ rj
nZq[^Y^g�\Y^ φ : X → X

o

¨Zhrg_ ¤o©Ã
¥^Y^ a^\ �[{d^g[\ d_jh[jd[\ \^j dg_j\q^gY_n^\ _ dg_�i\ n[ a_ qrj{Z�j k_{^cZ_j_

n[ rj nZq[^Y^g�\Y^m jr[\dg^ nZq[^Y^g�\Y^ n[�j[ a_ \ZhrZ[jd[ dg_j\q^gY_{Z�j n[
rj {_Y]^ n[ �[{d^g[\ f. Á�[g �hrg_ ¤o©Â

Adφ(f)(p) = Dφ(q)f(q) Á¤o¤©Â
n^jn[m q = φ−1(p)

f
Dφ

[\ a_ qrj{Z�j d_jh[jd[ n[ φ ÁY_dg�b �_{^cZ_j_m [j {^^gn[z
j_n_\Âo

Ð^d[Y^\ �r[ Adφ [\ aZj[_a/ [j [q[{d^Ã

Adφ(λ1f1 + λ2f2)(p) = Dφ(p)(λ1f1 + λ2f2)(q); q = φ−1(p)

= Dφ(p)(λ1f1(q) + λ2f2(q)); q = φ−1(p)

= Dφ(p)λ1f1(q) +Dφ(p)λ2f2(q); q = φ−1(p)

= λ1Dφ(p)f1(q) + λ2Dφ(p)f2(q); q = φ−1(p)

= λ1Adφ(f1)(p) + λ2Adφ(f2)(p).

¤¬



Xn[Y�\m \Z ψ [\ ^dg^ nZq[^Y^g�\Y^ ha^c_a [jd^j{[\m

Adφ◦ψ(f)(p) = D(φ ◦ ψ)(q)f(q); q = (φ ◦ ψ)−1(p)

= Dφ(ψ(q))Dψ(q)f(q); q = (φ ◦ ψ)−1(p)

= Dφ(ψ(q))Adφ(f)(ψ(q)); q = (φ ◦ ψ)−1(p)

= AdφAdφ(f)(p). Á¤o¤«Â
D23G3:()(K/ ¡*¸* è�}��æ�é���� �� íç�õ� æ� ��í��é�� Adφ(f) ó |� *êî� ��íç� æ�
���� íç�õ� æ� ��í��é�� ���� æçæ� õ�éý

σt = φ ◦ γt ◦ φ
−1.

������éçí��}ó ½g^c[Y^\ �r[ σt \_dZ\q_{[ a_\ {^jnZ{Z^j[\ n[ ¾r�^Ã

σt1 ◦ σt2 = (φ ◦ γt1 ◦ φ
−1) ◦ (φ ◦ γt2 ◦ φ

−1)

= φ ◦ γt1 ◦ Id ◦ γt2 ◦ φ
−1

= φ ◦ (γt1 ◦ γt2) ◦ φ
−1

= φ ◦ γt1◦t2 ◦ φ
−1

= σt1+t2 .

¤ª



σ−t = φ ◦ γ−t ◦ φ
−1

= φ ◦ (γt)
−1 ◦ φ−1

= φ ◦ (γ−1
t ◦ φ−1)

= φ ◦ (φ ◦ γt)
−1

= ((φ ◦ γt) ◦ φ
−1)−1

= (φ ◦ γt ◦ φ
−1)−1

= (σt)
−1.

σ0 = φ ◦ γ0 ◦ φ
−1

= φ ◦ φ−1

= Id.

`jd^j{[\ σt \_dZ\q_{[ a_\ {^jnZ{Z^j[\ n[ hgr]^o Xn[Y�\m

∂

∂t

∣∣∣∣
t=0

(φ ◦ γt ◦ φ
−1)(p) =

∂

∂t

∣∣∣∣
t=0

φ ◦ (γt ◦ φ
−1)(p)

=
∂

∂t

∣∣∣∣
t=0

φ(γt(φ
−1(p)))

∂

∂t

∣∣∣∣
t=0

(γt ◦ φ
−1)(p)

=
∂

∂t

∣∣∣∣φ(φ−1(p))
∂

∂t

∣∣∣∣
t=0

γt(φ
−1(p))

=
∂

∂t

∣∣∣∣ (φ1(φ
−1(p)), ..., φn(φ

−1(p)))Tf(φ−1(p))

= (
∂

∂t

∣∣∣∣φ1(φ
−1(p)), ...,

∂

∂t

∣∣∣∣φn(φ
−1(p)))Tf(φ−1(p))

¤¶



=
∂φ

∂x

∣∣∣∣φ1(φ
−1(p))f(φ−1(p))

= Dφ(φ−1(p))f(φ−1(p))

= Adφf(p).

½^g a^ d_jd^m σt = φ ◦ γt ◦ φ
−1

Zjnr{[ [a {_Y]^ n[ �[{d^g[\ Adφf(p)
n[ a_

\ZhrZ[jd[ q^gY_Ã

Adφf(p) =
∂

∂t

∣∣∣∣
t=0

(φ ◦ γt ◦ φ
−1)(p) =

∂

∂t

∣∣∣∣
t=0

σt(p).

¯[�jZg[Y^\ _e^g_ [a {^g{e[d[ n[ �Z[ n[
f
f
g {^Y^ a_ n[gZ�_n_ {^j g[\][{d^

_
tm [j t = 0m n[a {_Y]^ n[ �[{d^g[\ g dg_j\q^gY_n^ ]^g [a ¾r�^ n[a {_Y]^ n[

�[{d^g[\ f o
06ä/()(K/ ¡*0* �çæ�� æ�� íç�õ�� æ� ��í��é�� f � g ��ìé� X ⊂ R

n � p ∈ X ��
æ�û}�ý

[f, g](p) =
∂

∂t

∣∣∣∣
t=0

Dγf−t(γ
f
t )g(γ

f
−t)

=
∂

∂t

∣∣∣∣
t=0

(Adγf
−t
g)(p).

F-:62�1)(K/ "*
������� �ê� ���ç æ�û}�í��} �� ��ê��ç��}�� ç �ç æ�û}�í��} îçí�ì�ç}ç æ�� í�éíü���

æ� ô��ó |} �ë �í��ý

¤³



[f, g](p) = (
∂

∂t

∣∣∣∣
t=0

Dγ−t)(p)g(γ0(p)) +
∂

∂t

∣∣∣∣
t=0

D(Id)(γt(p))g(p) + Id
∂

∂t

∣∣∣∣
t=0

g(γt)(p))

= −Df(p)g(p) +
∂

∂t

∣∣∣∣
t=0

g(p) +
∂

∂t

∣∣∣∣
t=0

g(γt(p))
∂

∂t

∣∣∣∣
t=0

γt(p)

= −Df(p)g(p) +
∂

∂t

∣∣∣∣
t

g(p)f(p)

= −Df(p)g(p) +Dg(p)f(p)

= Dg(p)f(p) −Df(p)g(p). Á¤o¤­Â
D23G3:()(K/ ¡*"* å� φ �� ê} æ�ë ����éû��� æ�

X � �}��}í��
[Adφf,Adφg] = Adφ[f, g].

������éçí��}ó ¯[ a_ ]g^]^\Z{Z�j _jd[gZ^g \[ dZ[j[ �r[ [a ¾r�^ n[a {_Y]^ n[ �[{d^g[\
Adφf

[\
σt = φ ◦ γft ◦ φ

−1
o `jd^j{[\ ]^g a_ n[�jZ{Z�j _jd[gZ^g n[a {^g{e[d[ n[ �Z[

\[ dZ[j[ �r[Ã

[Adφf,Adφg](p) =
∂

∂t

∣∣∣∣
t=0

(Adφ◦γf
−t◦φ

−1Adφg)(p)

=
∂

∂t

∣∣∣∣
t=0

(AdφAdγf
−t
Adφ−1Adφg)(p)

=
∂

∂t

∣∣∣∣
t=0

(AdφAdγf
−t
Adφ◦φ−1g)(p)

=
∂

∂t

∣∣∣∣
t=0

(AdφAdγf
−t
AdIdg)(p)

=
∂

∂t

∣∣∣∣
t=0

(AdφAdγf
−t
D(Id)g)(p)

=
∂

∂t

∣∣∣∣
t=0

(AdφAdγf
−t
g)(p)

=
∂

∂t

∣∣∣∣
t=0

(Dφ(q)(Adγf
−t
g)(q)); q = φ−1(p)

¦-



=
∂

∂t

∣∣∣∣
t=0

Dφ(q)(Adγf
−t
g)(q) +Dφ(q)

∂

∂t

∣∣∣∣
t=0

(Adγf
−t
g)(q)

= Dφ(q)[f, g](q)

= Adφ[f, g](q).

�

Xjd[\ n[ [\d_ca[{[g a_ \ZhrZ[jd[ ]g^]^\Z{Z�j [\ ZY]^gd_jd[ j^d_g �r[Adγf
t
f = f

/
[j [q[{d^Ã

(Adγf
t
f)(p) =

∂

∂t

∣∣∣∣
t=0

(γft ◦ γ
f
t ◦ γ

f
−t)(p)

=
∂

∂t

∣∣∣∣
t=0

γft (p)

= f(p). Á¤o¤¬Â
D23G3:()(K/ ¡*@* 
�}���� �ê�

∂

∂t
Adγf

t
g = −[f,Adγf

t
g] = −Adγf

t
[f, g].

������éçí��}ó ®c\[g�[Y^\ �r[m

∂

∂t
Adγf

t
g =

∂

∂h

∣∣∣∣
h=0

Adγf
h+t
g

=
∂

∂h

∣∣∣∣
h=0

Adγf
h
Adγf

t
g

= −
∂

∂r

∣∣∣∣
r=0

Adγf
−r
Adγf

t
g

= −[f,Adγf
t
g].

¦¤



Xn[Y�\m ]^g a_ ]g^]^\Z{Z�j _jd[gZ^g f ]^g Á¤o¤¬Â \[ dZ[j[ �r[Ã

Adγf
t
[f, g] = [Adγf

t
f,Adγf

t
g]

= [f,Adγf
t
g].

¯[ _�r� j^\ �r[n_m −[f,Adγf
t
g] = −Adγf

t
[f, g] �

`j _n[a_jd[m {^j\Zn[g_g[Y^\ a_ \ZhrZ[jd[ j^d_{Z�jÃ

adfg = [f, g].

X\�m adfg [\ rj ^][g_n^g aZj[_a [j [a [\]_{Z^ V (X)
o ¥^j\Zn[g[Y^\ a_\ \ZhrZ[jd[\

Zd[g_{Z^j[\Ã

ad0
fg = g, Á¤o¤ªÂ

adifg = adf ...adfg. Á¤o¤¶Â
½^g a_ ]g^]^\Z{Z�j ¤oª \[ dZ[j[ �r[

∂

∂t

∣∣∣∣Adγf
t
g = −[f,Adγf

t
g](p)

= −(adf (Adγf
t
g))(p). Á¤o¤³Â

¦¦



`j [a {_\^ _j_a�dZ{^ d[j[Y^\ d_YcZij rj_ q�gYra_ n[ [�]_j\Z�j n[ a_ g[a_{Z�j
_jd[gZ^go
D23G3:()(K/ ¡*0* å� ��� íç�õ�� æ� ��í��é�� f � g ��} ç}ç�ÿ��í�� é�ç���� �}��}í��
��}���� �ç ��ùê��}�� ë�é�ê�çý

(Adγf
t
g)(p) =

∞∑

i=0

(−t)i

i!
adifg(p).

æ�}æ� �ç ��é�� í���éù� çì���ê�ç��}��� õçéç t �} ê}ç ��í�}æçæ æ� í�é�ó
������éçí��}ó !_ �r[ f f

g
\^j _j_a�dZ{_\ g[_a[\m \[ dZ[j[ �r[m _]aZ{_jn^ Zd[g_dZz

�_Y[jd[ Á¤o¤³Â f d^Y_jn^ [j {r[jd_ Á¤o¤ªÂm Á¤o¤¶Â f �r[ γf0 = Idm g[\rad_
(
∂

∂t

)i
(Adγf

t
g)(p)

∣∣∣
t=0

= (−1)iadifg(p).

�r[h^m a_ \[gZ[ n[ ,_{a_rgZj n[ a_ qrj{Z�j Adγf
t
(p)

[\Ã
∞∑

i=0

(Adγf
t
g)(p)

∣∣∣
t=0

ti

i!
=

∞∑

i=0

(−1)iadifg(p)
ti

i!

=
∞∑

i=0

(−t)iadifg(p)

i!
.

½^g d_jd^m
(Adγf

t
g)(p) =

∞∑

i=0

(−t)i

i!
adifg(p).

�

X {^jdZjr_{Z�j ]g[\[jd_Y^\ a_ n[Y^\dg_{Z�j n[ a_ ]g^]^\Z{Z�j ¤o©o

������éçí��}ó Áõé�õ���í��} �ó1Â

(⇐=)
®c\[g�[Y^\ �r[m

¦©



∂

∂t

∣∣∣∣
t=0

∂

∂s

∣∣∣∣
s=0

(γft ◦ γ
g
s )(p) =

∂

∂t

∣∣∣∣
t=0

[
∂

∂s

∣∣∣∣
s=0

γft (γ
g
s (p))

∂

∂s

∣∣∣∣
s=0

γgs (p)

]

=
∂

∂t

∣∣∣∣
t=0

[
∂

∂s

∣∣∣∣
s=0

γft (γ
g
s (p))g(p)

]

=

[
∂

∂t

∣∣∣∣
t=0

∂

∂s

∣∣∣∣
s=0

γft (γ
g
s (p))

]
g(p)

=

[
∂

∂s

∣∣∣∣
s=0

∂

∂t

∣∣∣∣
t=0

γft (γ
g
s (p))

]
g(p)

=

[
∂

∂s

∣∣∣∣
s=0

f(γgs (p))

]
g(p)

=
∂

∂s

∣∣∣∣
s=0

(f1(γ
g
s (p)), ..., fn(γ

g
s (p)))

Tg(p)

=

(
∂

∂s

∣∣∣∣
s=0

f1(γ
g
s (p)), ...,

∂

∂s

∣∣∣∣
s=0

fn(γ
g
s (p))

)T
g(p)

=

(
∂f1

∂s
(p), ...,

∂fn
∂s

(p)

)T
g(p)

=
∂f

∂x
(p)g(p).

¯[ q^gY_ _j�a^h_ \[ ^cdZ[j[ �r[m

∂

∂s

∣∣∣∣
s=0

∂

∂t

∣∣∣∣
t=0

(γgs ◦ γ
f
t )(p) =

∂g

∂x
(p)f(p).

¯[ a^ _jd[gZ^gm f f_ �r[ γft ◦γgs = γg ◦γft
m ^cd[j[Y^\ �r[ ∂f

∂x
g =

∂g

∂x
f
o ¹[{^gn[zY^\ �r[ _�rZ a_\ ]_g{Z_a[\ YZ�d_\ {^Zj{Zn[jm ]r[\ a_\ qrj{Z^j[\ \^j nZq[g[j{Z_ca[\o

Xe^g_ cZ[jm n[ [\d_ ladZY_ Zhr_an_n \[ n[nr{[ �r[
[f, g] =

∂g

∂x
(x)f(x) −

∂f

∂x
(x)g(x) ≡ 0.

(=⇒)
½g^c_g[Y^\ _e^g_ [a nZg[{d^o

¦«



½^g eZ]�d[\Z\m [f, g] ≡ 0
f ]^g a_ ]g^]^\Z{Z�j ¤oª j^\ �r[n_ �r[m
∂

∂t

∣∣∣∣Adγf
t

= −Adγf
t
([f, g]) = 0.

½^g d_jd^m Adγf
t

j^ n[][jn[ n[
t ]^g \[g {^j\d_jd[o ¯[ X�r�m

Adγf
t
g = Adγf

0
g

= AdIdg

= D(Id)g

= g

= Adγg
s
g. Á¤o¦-Â

�r[h^m ]^g ]g^]^\Z{Z�j ¤o­m [a ¾r�^ n[
Adγf

t
g
[\ Zhr_a _a ¾r�^ n[

Adγg
s
g
/ [\d^ [\m

γft ◦ γ
g
s ◦ γ

f
−t = γgs ◦ γ

g
s ◦ γ

g
−s = γgs .

`jd^j{[\m
γft ◦ γ

g
s ◦ (γf−t ◦ γ

f
t ) = γgs ◦ γ

f
t .

¯[ a^ _jd[gZ^g \[ \Zhr[ �r[m

γft ◦ γ
g
s = γgs ◦ γ

g
s .

�

¦­



ÑÒ2Ò ÛÙØáÜÕ Ú× �×	ÖÜÞ×Õ à 3á×ÞÙÚÜÞ×Õ 4Ô5×Þ×Ýã
	ÔÙß×Õ

sj {_Y]^ n[ �[{d^g[\ nZq[g[j{Z_ca[ f \^cg[ X n[�j[ rj ^][g_n^g aZj[_a Lf\^cg[ [a [\]_{Z^ n[ a_\ qrj{Z^j[\ nZq[g[j{Z_ca[\ C∞(X)
[j a_ \ZhrZ[jd[ q^gY_Ã

(Lfφ)(p) =
∂

∂t

∣∣∣∣
t=0

φ(γft (p)) =
n∑

i=1

fi(p)
∂

∂xi
φ(p).

`\d[ ^][g_n^g [\ aa_Y_n^ �������� �� 6�� � �7 ����7 �� f m f [\d[ [\ rj
^][g_n^g nZq[g[j{Z_a n[ ^gn[j rj^o

¹[{�]g^{_Y[jd[m {r_a�rZ[g ^][g_n^g nZq[g[j{Z_a n[ ^gn[j rj^ {^j digYZj^\ n[
^gn[j nZ\dZjd^ n[ {[g^ ]r[n[ \[g [\{gZd^ {^Y^

L =
n∑

i=1

ai(x)
∂

∂xi
,

f [\d[ n[�j[ rj ljZ{^ {_Y]^ n[ �[{d^g[\ n_n^ [j {^^gn[j_n_\ {^Y^ f = (a1, ..., an)
T
o

`\d^ \ZhjZ�{_ �r[ [�Z\d[ rj_ ljZ{_ {^gg[\]^jn[j{Z_
f −→ Lf

[jdg[ {_Y]^\ n[ �[{d^g[\ f ^][g_n^g[\ nZq[g[j{Z_a[\ n[ ^gn[j rj^ Á]_g_ digYZj^\
n[ ^gn[j nZ\dZjd^ n[ {[g^Âo

½^g a_ {^gg[\]^jn[j{Z_ _jd[gZ^gm r\r_aY[jd[ \[ Zn[jdZ�{_ [a {_Y]^ n[ �[{d^g[\
f {^j [a {^gg[\]^jnZ[jd[ ^][g_n^g nZq[g[j{Z_a Lf f \[ [\{gZc[

Lf = f =
n∑

i=1

fi
∂

∂xi
.

�[_j f mg {_Y]^\ n[ �[{d^g[\ f Lf mLg a^\ {^gg[\]^jnZ[jd[\ ^][g_n^g[\ nZq[g[jz
{Z_a[\o ¥^j\Zn[g[Y^\ [a {^jYrd_n^g n[ [\^\ ^][g_n^g[\ n[�jZn^ ]^g

[Lf , Lg] := LfLg − LgLf .

¦¬



D23G3:()(K/ ¡*8* |� �õ�éçæ�é [Lf , Lg]
�� ê} �õ�éçæ�é æ�ë �é�}í�ç� æ� �éæ�} ê}��

�� íêç� í�éé��õ�}æ� ç� í�éíü��� æ� ô�� [f, g]� �� æ�í�é�
[Lf , Lg] = L[f,g].

������éçí��}ó ¯_n_ {r_a�rZ[g qrj{Z�j nZq[g[j{Z_ca[ φm {_a{ra_Y^\ [a ^][g_n^g
nZq[g[j{Z_a {^Y]r[\d^ \^cg[ φ
LfLgφ =

∑

i

fi
∂

∂xi

(
∑

j

gj
∂

∂xj
φ

)
=
∑

ij

figj
∂

∂xi

∂

∂xj
φ+

∑

ij

fi
∂gj
∂xi

∂φ

∂xj
.

�_ [�]g[\Z�j _j�a^h_ ]_g_ LgLfφ dZ[j[ a^\ YZ\Y^\ ]gZY[g^\ \rY_jn^\m n[cZn^
_ a_ {^jYrd_dZ�Zn_n n[ a_\ n[gZ�_n_\ ]_g{Z_a[\ {^j g[\][{d^ _

xi
f
xj
m _\� d[j[Y^\

[Lf , Lg]φ := LfLgφ− LgLfφ =
∑

ij

fi
∂gj
∂xi

∂φ

∂xj
−
∑

ij

gi
∂gj
∂xi

∂φ

∂xj
.

§[Y^\ �r[m [Lf , Lg] [\ rj ^][g_n^g nZq[g[j{Z_a n[ ^gn[j rj^o s\_jn^ a_ n[�jZz
{Z�j �_{^cZ_j_ n[a {^g{e[d[ n[ �Z[ Án[�jZ{Z�j ¤oªÂ ^cd[j[Y^\ a_ YZ\Y_ [�]g[\Z�j

L[f,g]φ =
∑

j

(
∑

i

fi
∂gj
∂xi

− gi
∂fj
∂xi

)
fi

∂φ

∂xj
,

a^ {r_a \ZhjZ�{_ �r[
[Lf , Lg] = L[f,g].

�

�_ ]g^]^\Z{Z�j _jd[gZ^g \rhZ[g[ �r[ ]^n[Y^\ n[�jZg [�rZ�_a[jd[Y[jd[ [a {^g{e[d[
n[ �Z[ {^Y^ [a {^jYrd_n^g

[f, g] = fg − gf =
∑

j

(
∑

i

∂gj
∂xi

fi −
∂fj
∂xi

gi

)
∂

∂xj
.

¦ª



�a_Y_g[Y^\ _ [\d^m 9�:������ ;��������� n[a {^g{e[d[ n[ �Z[o ¥a_g_Y[jd[m
[\d_ n[�jZ{Z�j {^Zj{Zn[ [j rj \Z\d[Y_ n[ {^^gn[j_n_\ {^j a_ n[�jZ{Z�j k_{^cZ_j_m
\Z r\_Y^\ a_\ Zn[jdZ�{_{Z^j[\ Lf f

Lg.

`jd^j{[\m d[j[Y^\ a_\ \ZhrZ[jd[\ ]g^]Z[n_n[\ n[a {^g{e[d[ n[ �Z[Ã
[f, g] = −[g, f ].

ÁXjdZ\ZY[dg�_Â
[f, [g, h]] + [g, [h, f ]] + [h, [f, g]] = 0.

Á�n[jdZn_n n[ k_{^cZÂ
[αf + βg, h] = α[f, g] + β[f, h]m ]_g_ [\{_a_g[\ α f

β.

[h, αf + βg] = α[h, f ] + β[h, g]m ]_g_ [\{_a_g[\ α f
β.

Á<ZaZj[_aZn_nÂ

�_ ]gZY[g_ ]g^]Z[n_n [\ [�Zn[jd[o X {^jdZjr_{Z�j ]g^c_g[Y^\ a_\ n^\ g[\d_jd[\o
¥^j\Zn[g[Y^\ rj_ qrj{Z�j _gcZdg_gZ_ φ ∈ C∞(X).

�76/<(717 76 =1)3-(
[f, [g, h]](φ) + [h, [f, g]](φ) = (f [g, h](φ) − [g, h]f(φ)) + (h[f, g](φ) − [f, g]h(φ))

= f(gh− hg)(φ) − (gh− hg)f(φ))

+(h(fg − gf)(φ) − (fg − gf)h(φ)))

= (fgh− fhg)(φ) − (ghf − hgf)(φ)

+(hfg − hgf)(φ) − (fgh− gfh)(φ)

= fgh(φ) − fhg(φ) − ghf(φ) + hgf(φ)

+hfg(φ) − hgf(φ) − fgh(φ) + gfh(φ)

= −fhg(φ) − ghf(φ) + hfg(φ) + gfh(φ)

= (hfg(φ) − fhg(φ)) + (gfh(φ) − ghf(φ))

= (hf − fh)g(φ) + g(fh− hf)(φ))

= [h, f ]g(φ) − g[h, f ](φ))

= [[h, f ], g](φ).

�r[h^m n[\][�[_jn^ j^\ �r[n_ [f, [g, h]] + [g, [h, f ]] + [h, [f, g]] = 0.

¦¶



8(E(/61E(717
[αf + βg, h](φ) = (αf + βg)h(φ) − h(αf + βg)(φ)

= (αfh+ βgh)(φ) − (hαf + hβg)(φ)

= αfh(φ) + βgh(φ) − αhf(φ) − βhg(φ)

= αfh(φ) − αhf(φ) + βgh(φ) − βhg(φ)

= α(fh− hf)(φ) + β(gh− hg)(φ)

= [f, h](φ) + [g, h](φ)

= ([f, h] + [g, h])(φ).

�_ ^dg_ [{r_{Z�j \[ n[Yr[\dg_ n[ q^gY_ d^d_aY[jd[ _j�a^h_ _ a_ _jd[gZ^go
F-:62�1)(K/ @*

ôç �æ�}��æçæ æ� (çí�ì� õê�æ� ��é ��íé��ç ��ê��ç��}����}�� í��� �ç >7��������� 6�����?@A��7��
[f, [g, h]] = [[f, g], h] + [g, [f, h]].

Á¤o¦¤Â
06ä/()(K/ ¡*8* ò} B�ù�ìéç æ� ô�� �� ê} ��õçí�� ��}�ç�

L í�} ê}ç ëê}í��} ì���}�ç�
[·, ·] : L× L −→ L� �ç íêç� �ç���ëçí� �ç� ��ùê��}��� õé�õ��æçæ��
[f, g] = −[g, f ]

ð�}�������éÿçñ
[f, [g, h]] + [g, [h, f ]] + [h, [f, g]] = 0

ðCæ�}��æçæ æ� (çí�ì�ñ

sj \rc[\]_{Z^ aZj[_a K n[
Lm {[gg_n^ c_�^ [a ]g^nr{d^ [·, ·] : L × L −→ Lm [\aa_Y_n^ rj_ D��������� �� 6�� n[

L.

¥^Y^ rj_ _]aZ{_{Z�j n[ a_ Zn[jdZn_n n[ �[ZcjZbzk_{^cZ Á¤o¦¤Â f n[ a_ _jdZz\ZY[dg�_ n[a {^g{e[d[ n[ �Z[m d[j[Y^\ a_ ]g^]^\Z{Z�j \ZhrZ[jd[o �[_j f1, ..., fk
[a[zY[jd^\ n[ rj �ah[cg_ n[ �Z[ L. ��_Y_g[Y^\ �7��E��� �� 6�� ������7 n[ d_a[\ [a[zY[jd^\ _ {r_a�rZ[g [a[Y[jd^ n[

L ^cd[jZn^ _]aZ{_jn^ Zd[g_dZ�_Y[jd[ a_ ^][g_{Z�j
{^g{e[d[ n[ �Z[ _ a^\ [a[Y[jd^\ n[

L
[j {r_a�rZ[g ^gn[j ]^\Zca[/ ]^g [�[Y]a^m
¦³



[[f1, f2], [f3, f1]]
o �a_Y_g[Y^\ �7��E��� �� 6�� ������7 �?F�����7 _ rj {^g{e[d[

n[ a_ q^gY_
[fi1 , ..., [fik−1

, fik ]...].

D23G3:()(K/ ¡*¡?* èêç��ê��é í�éíü��� æ� ô�� ���éçæ� æ�
f1, ..., fk

�� ê}ç í��ì��
}çí��} ��}�ç� æ� í�éíü���� æ� ô�� ���éçæ�� ���ê��éæ�� æ�

f1, ..., fk.

�_ ]gr[c_ [\ rj_ {^j\[{r[j{Z_ ZjY[nZ_d_ n[a a[Y_ ©o¤ n[ a_ \[{{Z�j ©o

©-



ÅTÆÇU��V G

HWÉRUTyI ORyUWRÉ�SRVxPy Ê JV�RTSRVxPy

`j [\d[ {_]�dra^ Zjdg^nr{ZY^\ j^{Z^j[\ f g[\rad_n^\m a^\ {r_a[\ dZ[j[j rj ]_][a
c�\Z{^ [j a_ {^Y]g[j\Z�j n[ a_ [\dgr{drg_ n[ a^\ \Z\d[Y_\ n[ {^jdg^a j^ aZj[_ao
¯Z{e^\ g[\rad_n^\ [\d�j nZg[{d_Y[jd[ aZh_n^\ _ a_\ ]g^]Z[n_n[\ n[ {^jdg^a_cZaZn_n
n[ d_a[\ \Z\d[Y_\o

�ÒÑÒ 4ÔÕÖÞÔâ�	ÔÜÝ×Õ à K×ÜÞ×ØÙ 'Ü	Ùß Ú× 
ÞÜâ×ÝÔ�Õ

¯[j^d_g[Y^\ ]^g X rj \rc{^j�rjd^ _cZ[gd^ n[
R
n
� rj_ �_gZ[n_n nZq[g[j{Z_ca[

n[ nZY[j\Z�j no
06ä/()(K/ >*¡* ò}ç ����é�ìêí��} ��ìé� X ��� õ�é æ�û}�í��}� ê}ç ëê}í��} ∆� �ç
íêç� ç��ù}ç ç íçæç õê}�� �}

X
ê} �êì��õçí�� æ�� ��õçí�� �ç}ù�}�� �} ���� õê}��+

�� æ�í�é�
X 3 p −→ ∆(p) ⊂ TpX.

F-:62�1)(K/ 0*
ôç æ���é�ìêí��} ∆

�� ��ç�çæç æ� í�ç�� C∞ ��� ��íç���}�� ç�é�æ�æ�é æ� íçæç
õê}�� �}

X � ������ ê}ç ëç����ç æ� íç�õ�� æ� ��í��é�� {fα} ð��ç�çæ�� ù�}�éçæ�é��
©¤



æ�
∆
ñ� �ç íêç� ù�}�éç ∆+ �� æ�í�é� ∆(p) = spanfα(p)ó ∆

�� ��ç�çæç �7���L����:����L���� ��������� �� �ç ëç����ç æ� íç�õ�� æ� ��í��é�� �� û}��çó #�}ç���}���
�ç æ���é�ìêí��} ∆ �� æ�í� �ê� �� �� ��L��D��� k� �� dim ∆(p) = k� õçéç ��æ�
õê}�� p �}

X.

`j _n[a_jd[m \r]^jng[Y^\ �r[ jr[\dg_\ nZ\dgZcr{Z^j[\ \^j n[ {a_\[ C∞
o

06ä/()(K/ >*>* ��í���� �ê� ê} íç�õ� æ� ��í��é�� f õ�é��}�í� ç ê}ç æ���é�ìêí��}
∆ � ��íé�ì���� f ∈ ∆� �� f(p) ∈ ∆(p)� õçéç ��æ� p ∈ X ó ò}ç æ���é�ìêí��} ∆

��
��ç�çæç C}���ê���ç� �� õçéç íêç����ê��éç íç�õ�� æ� ��í��é�� f, g ∈ ∆� �� í�éíü���
æ� ô�� ���� �ç�ì�M} �}

∆+ �� æ�í�é� [f, g] ∈ ∆ó å� �ç æ���é�ìêí��} ���}�� ��íç���}���
ê} } ��é� û}��� æ� ù�}�éçæ�é�� f1, ..., fm

�ç �}���ê����æçæ æ�
∆ ��ù}�ûíç �ê�

[fi, fj](p) =
m∑

k=1

φkij(p)fk(p), i, j = 1, ...,m,

æ�}æ� φkij ��} ëê}í��}�� C∞ ó
`a {^j{[]d^ n[ Zj�^ardZ�Zn_n �r[h_ rj ]_][a ZY]^gd_jd[ [j a_ \ZhrZ[jd[ �[g\Z�j

a^{_a n[a d[^g[Y_ n[ g̈^c[jZr\o
A6326;1 >*¡* å� ∆

�� ê}ç æ���é�ìêí��} �}���ê���ç æ� í�ç�� C∞ � æ� æ���}���} k��ìé�X �}��}í��� ��íç���}�� ç�é�æ�æ�é æ� íêç��ê��é õê}�� �}
X � ������ ê} íç�ì��

æ� í��éæ�}çæç� æ�ë �é�}í�çì��� �� íêç� �éç}�ë�é�ç �ç æ���é�ìêí��} ∆
ç �ç ��ùê��}��

æ���é�ìêí��} í�}��ç}��
span{e1, ..., ek},æ�}æ� e1, ..., ek ��} ��� ��í��é�� í�}��ç}��� ei = (0, ..., 1, ..., 0)T � í�} � �} �� ��M����

�êùçéó
������éçí��}ó �_ ]gr[c_ {^j\Z\d[ [j n^\ ]_\^\oN�D7 Oo
½gZY[g^ Y^\dg_g[Y^\ �r[ a_ nZ\dgZcr{Z�j∆

[\d� a^{_aY[jd[ h[j[g_n_ ]^g k {_Y]^\
n[ �[{d^g[\ �r[ {^jYrd_j n^\ _ n^\o ¨Z�[Y^\ rj ]rjd^ p [jX f \[_j f1, ..., fk

{_Yz
]^\ n[ �[{d^g[\ {r_a[\�rZ[g_m a^\ {r_a[\ h[j[g_j a_ nZ\dgZcr{Z�j ∆

[j rj_ �[{Zjn_n
©¦



n[
p
o pg_d_jn^ a^\ f ′

is
{^Y^ �[{d^g[\ {^arYj_m q^gY_Y^\ a_ Y_dg�b F = (f1, ..., fk)n[ ^gn[j n× k

o Ð^d[Y^\ �r[ YradZ]aZ{_jn^ F ]^g [a a_n^ n[g[{e^ ]^g rj_ Y_dg�b
k×k

n[ qrj{Z^j[\ nZq[g[j{Z_ca[\m j^ {_YcZ_ a_ nZ\dgZcr{Z�j h[j[g_n_ ]^g a_\ {^arYz
j_\ n[ F Á[\d_ {_YcZ_ \r\ h[j[g_n^g[\m rjZ{_Y[jd[Âo ½^g rj_ ]^\Zca[ ][gYrd_{Z�j
n[ �_gZ_ca[\m {^j\[hrZY^\ �r[ a_ \rcY_dg�b \r][gZ^g k × k

n[
F m \[_ j^ \Zjhra_go,radZ]aZ{_jn^ F ]^g a_ n[g[{e_ ]^g rj_ _n[{r_n_ Y_dg�b Zj�[gdZca[m ^cd[j[Y^\

�r[ [\d_ \rcY_dg�b [\ Zhr_a _ a_ Zn[jdZn_n/ [\ n[{Zgm a_ jr[�_ Y_dg�b F d^Y_ a_
q^gY_




1 1 . . . 0

0 0 . . . 0ooo ooo o o o ooo
0 0 . . . 1

∗ ∗ . . . ∗ooo ooo ooo
∗ ∗ . . . ∗




n^jn[ PQPn[j^d_ {^[�{Z[jd[\ j^ {^j^{Zn^\o �^\ jr[�^\ {_Y]^\ n[ �[{d^g[\ q^gY_zn^\ ]^g a_\ {^arYj_\ n[ [\d_ Y_dg�b {^jYrd_jo `j [q[{d^m f_ �r[ \r\ ]gZY[g^\ k{^[�{Z[jd[\ \^j {^j\d_jd[\m a^\ ]gZY[g^\ k {^[�{Z[jd[\ n[ {r_a�rZ[g {^g{e[d[ n[ �Z[
\[ _jra_j Á[j a_ n[�jZ{Z�j _ah[cg_Z{_ n[a {^g{e[d[ n[ �Z[Âo Xn[Y�\m ]^g a_ Zj�^arzdZ�Zn_n \[ \Zhr[ �r[ [a {^g{e[d[ n[ �Z[ [\ rj_ {^YcZj_{Z�j aZj[_a n[ a_\ {^arYj_\
n[
F
o XYc^\ e[{e^\ \[ {rY]a[j \^a^ {r_jn^ a^\ {^[�{Z[jd[\ n[ nZ{e_ {^YcZj_{Z�j

aZj[_a \^j Zhr_a[\ _ {[g^o `\d^ \[ {^Y]gr[c_ {^Y]a[d_jn^ a_ c_\[ �r[ h[j[g_ _
∆e_\d_

n
f [�]g[\_jn^ a^\ {_Y]^\ {^Y^ {^YcZj_{Z�j aZj[_a n[ a_\ ]_g{Z_a[\o ½^g

d_jd^m a^\ jr[�^\ {_Y]^\ n[ �[{d^g[\ {^jYrd_jo
N�D7 Ro

�r]^jh_Y^\ �r[ a^\ {_Y]^\ n[ �[{d^g[\ f1, ..., fk
h[j[g_j a_ nZ\dgZcr{Z�j ∆m

a^{_aY[jd[ _ag[n[n^g n[ p f [aa^\ {^jYrd_jo ½^n[Y^\ [\{^�[g ^dg^\ {_Y]^\ n[ �[{zd^g[\ fk+1, ..., fn
m _\� �r[m f1, ..., fn

\^j aZj[_aY[jd[ Zjn[][jnZ[jd[\ [j po ¯[�jZY^\
[jd^j{[\m a_ qrj{Z�j Φ ]^g

(t1, ..., tn) −→ γf1t1 ◦ γf2t2 ◦ ... ◦ γfn
tn .

©©



¥^Y^ a^\ ¾r�^\ n[ a^\ {_Y]^\ n[ �[{d^g[\ f1, ..., fk
{^jYrd_jm �[Y^\ �r[ [a

^gn[j n[ d^Y_g [\^\ ¾r�^\ [j a_ n[�jZ{Z�j _jd[gZ^g ]r[n[ \[g {_YcZ_n^o �r[h^m
rj_ {rg�_ Zjd[hg_a n[ rj {_Y]^ n[ �[{d^g[\ ei = (0, ..., 1, ..., 0)T m 1 ≤ i ≤ k[\ dg_j\q^gY_n_ [j rj_ {rg�_ Zjd[hg_a n[a {_Y]^ n[ �[{d^g[\ fi Á_ Y[nZn_ �r[
{_YcZ_Y^\ n[ arh_g _a ¾r�^ n[ fi e_{Z_ a_ Zb�rZ[gn_Âo �[ \Zhr[ �r[ a_ qrj{Z�jΦ

[j��_
a^\ {_Y]^\ n[ �[{d^g[\ e1, ..., ek _ a^\ {_Y]^\ n[ �[{d^g[\ f1, ..., fk

[ Zj�[g\_Y[jd[
_{dl_ a_ qrj{Z�j Zj�[g\_ Φ−1

o `\d_ qrj{Z�j Zj�[g\_ [\ a_ qrj{Z�j n[\[_n_m a_ {r_a
dg_j\q^gY_ a_ nZ\dgZcr{Z�j ∆ h[j[g_n_ ]^g f1, ..., fk

[j a_ nZ\dgZcr{Z�j {^j\d_jd[
h[j[g_n_ ]^g e1, ..., ek o

�

Xjd[\ n[ Zjdg^nr{Zg a_ �[g\Z�j ha^c_a n[a d[^g[Y_ n[ g̈^c[jZr\ f ^dg^\ d[^g[Y_\
ZY]^gd_jd[\m [\ j[{[\_gZ^ n_g _ahrj_\ n[�jZ{Z^j[\ c�\Z{_\o

�Ò�Ò Ó�âSÙÞÔ×ÚÙÚ×Õ à 
ÜßÔÙ	ÔÜÝ×Õ

06ä/()(K/ >*±* ò} �êìí�}îê}�� S ⊂ X
�� ��ç�çæ� ê}ç åêì�çé��æçæ þ�ùê�çé æ�

X
æ� æ���}���} k� �� õçéç íêç��ê��é x ∈ S � ������ ê}ç ��í�}æçæ ò æ�

x � ê}
æ�ë ����éû��� Φ : U −→ V ⊂ R

n ��ìé� ê} �êìí�}îê}�� çì��é�� V � �ç� �ê��
Φ(U ∩ S) = {x = (x1, ..., xn) ∈ V | xk+1 = 0, ..., xn = 0}.

ôç í�ç�� æ� é�ùê�çé�æçæ æ� ���ç �êì�çé��æçæ ��� õ�é æ�û}�í��}� �ç í�ç�� æ� é�ùê�
�çé�æçæ æ�� æ�ë ����éû��� Φ

ð�êõ�}���� �ê� ���ç é�ùê�çé�æçæ �� æ� �éæ�} C∞
�

Cw
ñó

06ä/()(K/ >*́ * ô�ç�çé���� ç ê} �êìí�}îê}�� S ⊂ X
ê}ç åêì�çé��æçæ C}��é�ç

æ�
X

æ� æ���}���} T� ��
S =

∞⋃

i=1

Si, donde S1 ⊂ S2 ⊂ S3 ⊂ ... ⊂ S

©«



� ��� S ′
is

��} �êì�çé��æçæ�� é�ùê�çé�� æ�
X

æ� æ���}���} k ó
F-:62�1)(K/ 8*

|} �� íç�� �} �ê� S �� �} �ÿ ����� ê}ç �êì�çé��æçæ é�ùê�çé� õ�æ���� ���çé
Si = S � ç�ÿ� S �� �ç�ì�M} ê}ç �êì�çé��æçæ �}��é�çó

D23G(6717 ¡

�Z n^\ {_Y]^\ n[ �[{d^g[\ f mg \^j d_jh[jd[\ _ rj_ \rc�_gZ[n_n ÁZjY[g\_Â S m[jd^j{[\ d_YcZij \r {^g{e[d[ n[ �Z[
[f, g]

[\ d_jh[jd[ _ [\d_ \rc�_gZ[n_no

`\d^ \[ \Zhr[ n[ a_ n[�jZ{Z�j h[^YidgZ{_ n[a {^g{e[d[ n[ �Z[o `j [q[{d^m \Z
f

[\ d_jh[jd[ _
S m [jd^j{[\ \r ¾r�^ dg_j\q^gY_ ]rjd^\ n[

S
[j ]rjd^\ n[

S m{r_jn^ [a dZ[Y]^ [\ \r�{Z[jd[Y[jd[ ][�r[�^o �r[h^m a_ qrj{Z�j d_jh[jd[ _a ¾r�^
Dγft

m dg_j\q^gY_ a^\ \rc[\]_{Z^\ d_jh[jd[\ n[
S

[j \rc[\]_{Z^\ d_jh[jd[\ n[
S
/

[j ]_gdZ{ra_gm [\d[ dg_j\q^gY_ a^\ �[{d^g[\ d_jh[jd[\ g(p) [j �[{d^g[\ d_jh[jd[\ _
S
o ,�\ _ljm a^\ �[{d^g[\ v(t) = (Adγf

−t
g)(p)

[\d�j d^n^\ [j [a [\]_{Z^ d_jh[jd[
TpS

o p^Y_jn^ a_ n[gZ�_n_ {^j g[\][{d^ _
t
[j [\d_ [�]g[\Z�jm a_ {r_a _]_g[{[ [j

a_ n[�jZ{Z�j h[^YidgZ{_ n[
[f, g]m g[\rad_ rj �[{d^g d_jh[jd[ _

S
o

06ä/()(K/ >*¸* ò}ç #���çí��} {Sα}α∈A
æ�
X

æ� æ���}���} k, �� ê}ç õçé��í��}
X =

⋃

α∈A

Sα

æ�
X

�} �êì�çé��æçæ�� ð�}��é�ç�ñ í�}��ç� æ��îê}�ç� Sα � ��ç�çæç� E7U�D� �ç� íêç���
���}�} �ç ��ùê��}�� õé�õ��æçæó úçéç íêç��ê��é x ∈ X

������ ê}ç ��í�}æçæ U æ�
x �

ê} æ�ë ����éû��� Φ : U −→ V ⊂ R
n ��ìé� ê} �êìí�}îê}�� çì��é�� V, �ç� �ê��

Φ((U ∩ Sα)cc) = {x = (x1, ..., xn) ∈ V | xk+1 = ck+1
α , ..., xn = cnα},æ�}æ� Pcc æ�}��ç ê}ç í��õ�}�}�� í�}��ç æ�� í�}îê}�� P � �ç õé�õ��æçæ ç}��é��é

æ�ì� ��é ����æç õçéç íêç��ê��éç æ� �ç��� í��õ�}�}��� í�}��ç�� í�} í�}��ç}��� ciαæ�õ�}æ��}æ� æ� �ç ü�îç � �ç ��í�}ù�}í�ç æ� �ç í��õ�}�}�� í�}��çó å����çé��}�� í��
�� õçéç �êì�çé��æçæ��� �ç é�ùê�çé�æçæ æ� �ç ë ���çí��} �� æ�û}�æç õ�é �ç é�ùê�çé�æçæ
æ�� æ�ë ����éû��� Φó

©­



D23G(6717 >

�r]^jh_Y^\ �r[ rj {_Y]^ n[ �[{d^g[\ g [\ d_jh[jd[ _ rj_ q^aZ_{Z�j {Sα}α∈A
m

[\d^ [\m d_jh[jd[ _ \r\ e^�_\o `jd^j{[\m \Z [a ¾r�^ n[ ^dg^ {_Y]^ n[ �[{d^g[\ f,a^{_aY[jd[m ]g[\[g�_ [\d_ q^aZ_{Z�jm [a {^g{e[d[ n[ �Z[
[f, g]

[\ d_jh[jd[ _ [\d_
q^aZ_{Z�jo

Xa n[{Zg _�r� �r[m [a ¾r�^ n[a {_Y]^ n[ �[{d^g[\ f, a^{_aY[jd[m ]g[\[g�_ [\d_
q^aZ_{Z�j {Sα}α∈A

m [jd[jn[g[Y^\ �r[ ]_g_ {r_a�rZ[g ]rjd^ p ∈ Sα
[�Z\d[ rj_ �[{Zjzn_n

U
n[
pm d_a �r[m a_ ZY_h[j n[ rj_ ]Z[b_ n[ rj_ e^�_ γft (Sα∩U)

[\d� {^jd[jZn_
[j rj_ e^�_ n[ a_ q^aZ_{Z�j Án[][jnZ[jd[ n[

t
Âm ]_g_ {r_a�rZ[g t, \r�{Z[jd[Y[jd[

][�r[�^o
½_g_ ]g^c_g [\d_ ]g^]Z[n_n [\{^�[Y^\ rj \Z\d[Y_ n[ {^^gn[j_n_\ {^Y^ [j a_ n[�jZz
{Z�j n[ q^aZ_{Z�j f \r]^j[Y^\ �r[ γft a^{_aY[jd[ ]g[\[g�_ {Sα}α∈A

o �[ \Zhr[ [jzd^j{[\ �r[m a_ qrj{Z�j d_jh[jd[ n[ γft Y_][_ [\]_{Z^\ d_jh[jd[\ _ e^�_\ [j [\]_{Z^\
d_jh[jd[\ _ e^�_\o ½^g d_jd^m [a �[{d^g Dγft (p)g(p) [\ d_jh[jd[\ _ a_\ e^�_\ fm [j
]_gdZ{ra_gm \r\ ladZY_\

n− k {^Y]^j[jd[\ \^j {[g^o ¯Zq[g[j{Z_jn^ {^j g[\][{d^ _
t
[j t = 0 g[\rad_ rj �[{d^g {^j a_\ ladZY_\

n − k {^Y]^j[jd[\ Zhr_a[\ _ {[g^ Áf
_\� d_jh[jd[ _ rj_ e^�_Âm a_ {r_a ]^g a_ n[�jZ{Z�j h[^YidgZ{_ n[a {^g{e[d[ n[ �Z[
[\ Zhr_a _ [f, g](p).

�Ò%Ò VÞâÔÖÙÕ Ú× 
ÙØÔßÔÙÕ Ú× ÛÙØáÜÕ Ú× �×	ÖÜÞ×Õ

¥^j\Zn[g[Y^\ rj_ q_YZaZ_ n[ {_Y]^\ n[ �[{d^g[\ Áha^c_a ^ ]_g{Z_aÂF = {fu}u∈U\^cg[ X o
06ä/()(K/ >*"* ��û}���� �ç Wéì��ç æ� ê} õê}�� p ∈ X

æ� ���ç ëç����ç� í��� ��
í�}îê}�� æ� õê}��� æ�

X
ç�íç}�çì��� æ��æ� p� ç �é����� õ�é �éç��í��é�ç� æ� íç�õ��

©¬



æ� ��í��é�� �} �ç ëç����ç+ �� æ�í�é�
Orb(p) = {γuk

tk
◦ ... ◦ γu1

t1 (p) | k ≥ 1, u1, ..., uk ∈ U, t1, ..., tk ∈ R},

æ�}æ� γut æ�}��ç �� *êî� æ�� íç�õ� æ� ��í��é�� fu ó å� ç�ùê}�� æ� ��� íç�õ�� æ�
��í��é�� }� ��} í��õ������ �}��}í�� í�}��æ�éç��� ���ç��}�� ��� t1, ..., tk õçéç ���
íêç��� �ç ��õé����} ç}��é��é ���}� ��}��æ�ó
F-:62�1)(K/ ¡?*

ôç é��çí��}� q X�������� � �� ������ �� p� �� ê}ç é��çí��} æ� ��ê��ç��}í�çóå� ��ùê� �}��}í�� �ê�� �� ��õçí�� X �� ê}ç ê}��} æ��îê}�ç æ� �éì��ç� ðí�ç��� æ�
��ê��ç��}í�ç�ñ
06ä/()(K/ >*@* ��û}���� Γ í��� �ç ��}�é æ���é�ìêí��} ��ìé�X, �ç íêç� í�}���}�
��� íç�õ�� æ� ��í��é�� �} �ç ëç����ç

F
ð�� æ�í�é� fu(p) ∈ Γ(p) õçéç ��æ� uñ � ��

�}�çé�ç}�� ìçî� íêç��ê��é *êî� γut � u ∈ U � ���� ���
Dγut (p)Γ(p) ⊂ Γ(γut (p)).

õçéç ��æ� p ∈ X � u ∈ U � t� õçéç ��� íêç��� �ç ��õé����} ç}��é��é ���� ì��} æ�û}�æçó
F-:62�1)(K/ ¡¡*

|�ê��ç��}����}��� õ�æ���� ��íé�ì�é �ç õé�õ��æçæ æ� �}�çé�ç}�ç ðê�ç}æ� íç�õ��
æ� ��í��é�� õçéí�ç���ñ�} �ç ë�é�çý

g ∈ Γ =⇒ Adγu
t
g ∈ Γ, para cualquier u ∈ U y t ∈ R.

`a \ZhrZ[jd[ d[^g[Y_ qri ]g^c_n^ Zjn[][jnZ[jd[Y[jd[ ]^g Yoko�r\\Y_jj ¿¤-À
f ½o�d[q_j ¿¤¤Ào
A6326;1 >*>* ð
��é��ç æ� Wéì��çñ
èçæç �éì��ç S = Orb(p)

æ� ê}ç ëç����ç æ� íç�õ�� æ� ��í��é�� F = {fu}u∈U
�� ê}ç

�êì�çé��æçæ �}��é�ç ðæ� í�ç�� Ck �� ��� íç�õ�� æ� ��í��é�� fu ��} æ� í�ç�� Ck
ñóø�� ç }� �� ��õçí�� �ç}ù�}�� ç ���ç �êì�çé��æçæ ���� æçæ� õ�é �ç æ���é�ìêí��} Γ�

TpS = Γ(p), para todo p ∈ X.

©ª



¢323E12(3 >*¡* å� ��� íç�õ�� æ� ��í��é�� fu ��} ç}ç�ÿ��í��� �}��}í�� �� ��õçí��
�ç}ù�}�� ç �ç �éì��éç õê�æ� ��é íç�íê�çæ� í���

TpS = L(p) = {g(p) | g ∈ Lie{fu}u∈U},

æ�}æ� Lie{fu}u∈U �� �ç ��}�é ëç����ç æ� íç�õ�� æ� ��í��é�� ðõçéí�ç���ñ� �ç íêç�
í�}���}� �ç ëç����ç

F � �� í�ééçæç ìçî� í��ì�}çí��}�� ��}�ç��� � í�éíü��� æ� ô��ð�} �� íç�� �} �ê� ��� f ′
us

��} íç�õ�� æ� ��í��é�� ù��ìç���� ���ç �� �� ��ù�ìéç æ�
ô�� æ� íç�õ�� æ� ��í��é�� ù�}�éçæ�� õ�é �ç ëç����ç

F = {fu}u∈U
ñó |} �� íç��

æ�ë �é�}í�çì�� �� íê�õ�� �ç ��ùê��}�� �}í�ê���}
L(p) ⊂ Γ(p).

������éçí��}ó ½gZY[g^ ]g^c_g[Y^\ a_ Zj{ar\Z�jo s\_jn^ a_ \[hrjn_ q^gY_ n[ a_
]g^]Z[n_n n[ Zj�_gZ_jb_ n[

Γ
f a_ n[�jZ{Z�j h[^YidgZ{_ n[a {^g{e[d[ n[ �Z[ ^cd[z

j[Y^\ a_ \ZhrZ[jd[ ZY]aZ{_{Z�j
g ∈ Γ =⇒ [fu, g] ∈ Γ.

X]aZ{_jn^ [\d_ ZY]aZ{_{Z�j Zd[g_dZ�_Y[jd[m n[nr{ZY^\ �r[m a^\ {^g{e[d[\ n[ �Z[
Zd[g_n^\ Zb�rZ[gn^\

[fuk
, ..., [fu2 , fu1 ]...],[\d�j [j Γ

o ¥^Y^ d^n^\ a^\ {^g{e[d[\ n[ �Z[ Zd[g_n^\ \^j {^YcZj_{Z^j[\ aZj[_a[\ n[
{^g{e[d[\ n[ �Z[ Zd[g_n^\ Zb�rZ[gn^\ Á]g^]^\Z{Z�j ¤o¤-Âm \[ \Zhr[ �r[ L(p) ⊂ Γ(p)]_g_ p ∈ X

o
½_g_ ]g^c_g a_ Zhr_an_n [j [a {_\^ _j_a�dZ{^ j^d[Y^\ �r[ ]^g Á¤o¤©Â f ]^g a_
]g^]^\Z{Z�j ¤o¶ j^\ �r[n_ �r[

Dγut (q)fv(p) =
∑

i≥0

(−t)i

i!
adifu

fv(p), p = γut (q),

a^ {r_a Yr[\dg_ �r[ a_\ dg_j\q^gY_{Z^j[\ n[ �[{d^g[\ c_�^ a_\ qrj{Z^j[\ d_jh[jd[\ _
a^\ ¾r�^\ n[ fu m ]r[n[j \[g [�]g[\_n_\ ]^g d^Y_g {^YcZj_{Z^j[\ aZj[_a[\ ÁZj�jZd_\Â
n[ {^g{e[d[\ n[ �Z[o `\d^ ZY]aZ{_ �r[ Γ(p) ⊂ L(p)

o

�

©¶



¢323E12(3 >*>* ðèü�Z � þç�ü���T��ñ
å�ç X í�}���ó å� dimL(p) = n õçéç íêç��ê��é p ∈ X � �}��}í�� íêç��ê��é õê}��
æ�
X

�� ç�íç}�çì�� æ��æ� íêç��ê��é ��é� õê}��� ç �é����� õ�é �éç��í��é�ç� æ�
F =

{fu}u∈U
ðõ�é�����}æ� ����õ�� õ�������� � }�ùç�����ñ+ �� æ�í�é� Orb(p) = X õçéç

íêç��ê��é pó
������éçí��}ó ½^g eZ]�d[\Z\m f ]^g [a {^g^a_gZ^ _jd[gZ^g \[ \Zhr[ �r[ Γ(p)

[\ Zhr_a
_ d^n^ [a [\]_{Z^ d_jh[jd[ TpX ]_g_ {r_a�rZ[g po ¯[a d[^g[Y_ n[ �gcZd_ \[ \Zhr[
[jd^j{[\ �r[m a_ �gcZd_ n[ {r_a�rZ[g ]rjd^ [\ n[ nZY[j\Z�j d^d_a/ _\�m [\d[ [\ rj \rcz
{^j�rjd^ _cZ[gd^ n[

X
o ¥^j{arZY^\ �r[ X [\ rj_ rjZ�j n[ \rc{^j�rjd^\ _cZ[gd^\

nZ\�rjd^\ fm {^Y^ X [\ {^j[�^m \^a_Y[jd[ rj^ n[ [aa^\ ]r[n[ \[g j^ �_{�^o �r[h^m
X {^j\Z\d[ n[ rj_ \^a_ �gcZd_ f {r_a�rZ[g ]rjd^ [\ _a{_jb_ca[ n[\n[ {r_a�rZ[g ^dg^
]rjd^m _ dg^b^\m ]^g dg_f[{d^gZ_\ n[ jr[\dg_ q_YZaZ_ n[ {_Y]^\ n[ �[{d^g[\o

�

�Ò.Ò [ÝÖ×\ÞÙâÔßÔÚÙÚ Ú× 4ÔÕÖÞÔâ�	ÔÜÝ×Õ à 
ÜßÔÙ	ÔÜÝ×Õ

�^\ g[\rad_n^\ _jd[gZ^g[\m [\][{Z_aY[jd[ [a d[^g[Y_ n[ �gcZd_m ][gYZd[j n_g
{gZd[gZ^\ ]_g_ a_ Zjd[hg_cZaZn_n n[ nZ\dgZcr{Z^j[\ f ]g^c_g _ahrj^\ d[^g[Y_\ {a�\Z{^\o
06ä/()(K/ >*0* ��é���� �ê� ê}ç æ���é�ìêí��} í�}��ç}�� p −→ ∆(p) ��ìé� X ��C}��ùéçì��� �� ������ ê}ç ë���çí��} {Sα}α∈A

��ìé�X � �ç� �ê�� õçéç íêç��ê��é p ∈ X �
TpS = ∆(p),

æ�}æ� S �� �ç ü�îç �ê� õç�ç ç �éç�M� æ�
p ó

F-:62�1)(K/ ¡>*
ôç ë���çí��} �ê� �ç���ëçí� �ç æ�û}�í��} ç}��é��é �� ��ç�çæç]7������� ^��������

� íçæç ê}ç æ� �ê� ü�îç� �� ��ç�çæç _������� ^������� æ� �ç æ���é�ìêí��}ó
A6326;1 >*±* ð
��é��ç ���ìç� æ� #é�ì�}�ê�ñ
ò}ç æ���é�ìêí��} æ�ë �é�}í�çì�� æ� æ���}���} í�}��ç}�� ∆

�� �}��ùéçì��� �� � ����
��� �� �}���ê���çó ôç ë���çí��} �}��ùéç� æ� ∆� �� �ç õçé��í��} æ�

X
�} �éì��ç� æ� �ç

ëç����ç æ� íç�õ�� æ� ��í��é�� ù̀| g ∈ ∆}.

©³



������éçí��}ó �r]^jh_Y^\ �r[ jr[\dg_ nZ\dgZcr{Z�j [\ Zjd[hg_ca[ f [\{^�_Y^\ n^\
{_Y]^\ n[ �[{d^g[\ f f

g
f {r_a�rZ[g ]rjd^ po `jd^j{[\m f f

g
\^j d_jh[jd[\ _ a_

e^�_ S �r[ ]_\_ ]^g pm ]^g d_jd^m \r {^g{e[d[ n[ �Z[
[f, g]

[\ d_YcZij d_jh[jd[ _
[\d_ e^�_ ]^g ½g^]Z[n_n ¤o ¥^Y^ [\d^ ]_\_ ]_g_ {r_a�rZ[g pm \[ \Zhr[ �r[
[f, g](p) ∈ TpS = ∆(p)m ]_g_ d^n^ p/ f _\�m [f, g] ∈ ∆

o
�r]^jh_Y^\ _e^g_ �r[ jr[\dg_ nZ\dgZcr{Z�j [\ Zj�^ardZ�_o ¥^j\Zn[g[Y^\ a_ q_zYZaZ_ n[ {_Y]^\ n[ �[{d^g[\ ]_g{Z_a[\ F = {f | f ∈ ∆}

o ¯[c[Y^\ ]g^c_g �r[ a_
]_gdZ{Z�j n[

X
[j ^gcZd_\ n[ [\d_ q_YZaZ_\ j^\ n_ a_ q^aZ_{Z�j n[\[_n_o

�[_j f1, ..., fk ∈ ∆m a^\ {r_a[\ h[j[g_j [\d_ nZ\dgZcr{Z�j [j rj_ �[j{Zjn_n n[
p
o ¯[c[Y^\ ]g^c_g �r[ ∆

[\ Zj�_gZ_jd[ c_�^ a^\ ¾r�^\ n[ a^\ {_Y]^\ n[ �[{d^g[\
f ∈ ∆m [\d^ [\m a_ nZ\dgZcr{Z�j Γ

[j [a d[^g[Y_ n[ ^gcZd_m {^Zj{Zn[ {^j ∆
o p[j[Y^\

�r[ ]g^c_g �r[
Dγft ∆(p) = ∆(q), q = γft ,

]_g_ f ∈ ∆
o `a \rc[\]_{Z^ n[a a_n^ Zb�rZ[gn^ [\ h[j[g_n^ ]^g a^\ {_Y]^\ n[

�[{d^g[\
git = Adγf

t
fi, i = 1, ..., k.

¯[ a_ \r]^\Z{Z�j n[ Zj�^ardZ�Zn_n d[j[Y^\ �r[ [f, fi] =
∑

j φijfj
o ¥^j\Zn[g[Y^\

a_\ qrj{Z^j[\ aijt = −φij ◦ γ
f
−t

o ¯[ a_ ]g^]^\Z{Z�j ¤oª \[ \Zhr[ �r[ a^\ {_Y]^\
n[ �[{d^g[\ h[j[g_n^g[\ \_dZ\q_{[j rj^ _ rj^ [a \ZhrZ[jd[ \Z\d[Y_ n[ [{r_{Z^j[\
nZq[g[j{Z_a[\ ^gnZj_gZ_\

∂

∂t
git = −Adγf

t
[f, fi] =

∑

j

gjta
ij
t .

¥^Y^ a_ \^ar{Z�j n[ rj_ [{r_{Z�j nZq[g[j{Z_a n[][jn[ aZj[_aY[jd[ n[ \r\ {^jnZz
{Z^j[\ ZjZ{Z_a[\m \[ \Zhr[ �r[

git =
∑

j

ψijt g
j
0 =

∑

j

ψijt fj,

n^jn[ ψijt \^j qrj{Z^j[\o �r[h^m [a \rc[\]_{Z^Dγft ∆(p)
[\ h[j[g_n^ ]^g a^\ �[{d^g[\

f1(p), ..., fk(p)
m f _\�m [\d[ [\ Zhr_a _ ∆(p)

o
«-



½^g [a d[^g[Y_ n[ �gcZd_ \[ \Zhr[ �r[ ∆
n_ [a [\]_{Z^ d_jh[jd[ _ a_\ �gcZd_\o

½_g_ {^Y]a[d_g a_ ]gr[c_ [\ \r�{Z[jd[ Y^\dg_g �r[ a_\ �gcZd_\ [j �[gn_n q^gY_j
rj_ q^aZ_{Z�j n[

X
o `\d^ \[ \Zhr[ ZjY[nZ_d_Y[jd[ n[ a_ �[g\Z�j a^{_a n[a d[^g[Y_

n[ g̈^c[jZr\ Ád[^g[Y_ ¦o¤Âo `j [q[{d^m jr[\dg_ nZ\dgZcr{Z�j [\ {^j\d_jd[ [j {^^gzn[j_n_\ _]g^]Z_n_\m f _\� d_YcZijm a_\ {^Y]^j[jd[\ {^j[�_\ n[ Zjd[g\[{{Z^j[\ n[
e^�_\ �Z\d_\ [j a_ n[�jZ{Z�j n[ q^aZ_{Z�jo

�

`j ^gn[j _ n[�jZg Zjd[hg_cZaZn_n n[ nZ\dgZcr{Z^j[\m a_\ {r_a[\ j^ \^j n[ nZY[jz\Z�j {^j\d_jd[m d[j[Y^\ �r[ n[cZaZd_g a_ j^{Z�j n[ q^aZ_{Z�jo
06ä/()(K/ >*8* ò}ç #���çí��} í�} å�}ùê�çé�æçæ�� �� ê}ç õçé��í��}

X =
⋃

α∈A

Sα

æ�
X

�} �êì�çé��æçæ�� �}��é�ç� �ç��� �ê�� ��íç���}��� ������ ê}ç ëç����ç æ� íç�õ��
æ� ��í��é�� {gβ}β∈B � �ç� �ê�� TpSα = span{gβ(p) | β ∈ B}� õçéç ��æ� p � α ó
06ä/()(K/ >*¡?* ò}ç æ���é�ìêí��} ��ìé� X �� ��ç�çæç C}��ùéçì��� �� ������ ê}ç
ë���çí��} í�} ��}ùê�çé�æçæ�� {Sα}α∈A

� �ç íêç� �ç���ëçí� TpS = ∆(p)� õçéç íêç�
����ê��éç p � S � æ�}��ç}æ� �ç� ü�îç� �ê� õç�ç} ç �éç�M� æ�

p ó
A6326;1 >*́ * ð
��é��ç æ� �çùç}�ñ
èêç��ê��é æ���é�ìêí��} �}���ê���ç ç}ç�ÿ��íç ∆

�� �}��ùéçì��ó
������éçí��}ó p^Y_Y^\ a_ ]_gdZ{Z�j n[

X
[j �gcZd_\ n[ a_ q_YZaZ_ n[ {_Y]^\ n[

�[{d^g[\ {f | f ∈ ∆}m {^Y^ {_jnZn_d^ ]_g_ a_ q^aZ_{Z�j Zjd[hg_ao ¯[a d[^g[Y_ n[
�gcZd_ f a^\ {^g^a_gZ^\ n[ [\d[m \[ \Zhr[ �r[ [a [\]_{Z^ d_jh[jd[ _ a_ e^�_ �r[ ]_\_
_ dg_�i\ n[

pm [\ Zhr_a _ Γ(p) = L(p) = ∆(p)
o �_ Zj�^ardZ�Zn_n ZY]aZ{_ �r[m [a

[\]_{Z^ n[ {_Y]^\ n[ �[{d^g[\ {f | f ∈ ∆} = F
[\ {[gg_n^ c_�^ [a {^g{e[d[ n[

�Z[m f _\�m {^Zj{Zn[ {^j Lie{F} = L
o `\d^ \ZhjZ�{_ �r[ a_ ]_gdZ{Z�j [j �gcZd_\m [\

g[_aY[jd[ a_ q^aZ_{Z�j Zjd[hg_a n[ ∆
o

�

«¤



ÅTÆÇU��V a

ÅVxUWV�TÉR�RQTQ Ê uSSPyRÉR�RQTQ

`j [\d[ {_]�dra^ _c^gn_g[Y^\ a^ �r[ {^j\dZdrf[ a_ ]_gd[ ]gZj{Z]_a n[a ]g[\[jd[
dg_c_�^o `\drnZ_g[Y^\ {^j{[]d^\ f {gZd[gZ^\ n[ {^jdg^a_cZaZn_n f _{{[\ZcZaZn_n ]_g_
rj \Z\d[Y_ n[ {^jdg^a j^ aZj[_ao

%ÒÑÒ 4×bÝÔ	ÔÜÝ×Õ âcÕÔ	ÙÕ

¥^Y^ �ZY^\ [j [a ]gZY[g {_]�dra^m rj ]rjd^ n[ ]_gdZn_ n[ a_ d[^g�_ n[ {^jdg^a
[\ a_ [{r_{Z�j nZq[g[j{Z_a ẋ(t) = f(x, u)m _ a_ {r_a ]^n[Y^\ _hg[h_g a_ {^jnZ{Z�j
ZjZ{Z_a x(0) = y ∈ R

n m n^jn[ u ∈ U
f
U

[\ aa_Y_n^ {^j�rjd^ {^jdg^ao `j h[j[g_am
\[ nZ\dZhr[j n^\ dZ]^\ n[ {^jdg^a[\Ã 6�?7 ;�����7 f 6�?7 >�����7o

sj {^jdg^a a_b^ _cZ[gd^ [\ rj_ qrj{Z�j _gcZdg_gZ_ u(·) : [0,∞) −→ U m ]_g_ a_
{r_am a_ [{r_{Z�j

ẋ(t) = f(x(t), u(t)), t ≥ 0, x(0) = y, Á©o¤Â
dZ[j[ \^ar{Z�j n[�jZn_o

sj {^jdg^a a_b^ {[gg_n^ [\ rj_ qrj{Z�j _gcZdg_gZ_ k(·) : R
n −→ U m d_a �r[m a_

«¦



[{r_{Z�j
ẋ(t) = f(x(t), k(x(t))), t ≥ 0, x(0) = y, Á©o¦Â

dZ[j[ \^ar{Z�j n[�jZn_o
�^\ {^jdg^a[\ d_YcZij \^j aa_Y_n^\ �D����d���D � �������Dm f a_\ {^gg[\]^jznZ[jd[\ \^ar{Z^j[\ n[ Á©o¤Â f Á©o¦Â \^j a_\ D�����D n[a \Z\d[Y_o
¥^j\Zn[g[Y^\ rj_ n[ {^a[{{Z�j 0 = t0 ≤ t1 < t2 < ... < ts−1 < ts = Tn[ dZ[Y]^\/ ��[Y^\ �_a^g[\ n[ {^jdg^a c1, c2, ..., cs ∈ U

f n[�j_Y^\ [a {^jdg^a
u = ut1,t2,...,ts,c1,c2,...,cs : [0, T ] −→ U ]^g u(t) = ci

\Z
ti−1 < t < ti

f
u(0) = 0

o
��_Y_g[Y^\ _ um �7���7� �7�D����� X7� ��7?7Do

X {^jdZjr_{Z�j ]g[\[jd_Y^\ [a {^j{[]d^ c�\Z{^ n[ {^jdg^a_cZaZn_no
06ä/()(K/ ±*¡* ��é���� �ê� ê} ���çæ� z ∈ R

n
�� ��íç}�çì�� æ��æ�x �} ê} ����õ�

T � �� ������ ê} í�}�é�� �ç�� çì��é�� u(·), �ç� �ê�� õçéç �ç �ç��æç x(·) �� íê�õ�� �ê��
x(0) = y � x(T ) = z ó å� ê} ���çæ� çéì��éçé�� z �� ç�íç}�çì�� æ��æ� ê} ���çæ�
çéì��éçé�� x �} ê} ����õ� T � �}��}í�� æ�é���� �ê� �� ������ç ð1ó�ñ �� è�}�é��çì��ó

¯[c[Y^\ dg_d_g {^j n^\ {a_\[\ n[ \Z\d[Y_\ n[ {^jdg^a/ a^\ \Z\d[Y_\ j^ aZj[_a[\
h[j[g_a[\

Σ : ẋ = f(x, u),

n^jn[ x(t) ∈ X
f
u(t) ∈ U m f a^\ D�D��L�D �� �7���7�@�:�

Σaff : ẋ = g0(x) +
m∑

i=1

uigi(x) = g0(x) +G(x),

n^jn[ x(t) ∈ X
f
u(t) = (u1(t), ..., um(t)) ∈ U.

`a [\]_{Z^ [\d_n^X [\ {^j\Zn[g_n^ rj \rc{^j�rjd^ _cZ[gd^ n[
R
n ^ rj_ �_gZ[n_nnZq[g[j{Z_ca[ n[ nZY[j\Z�j no `a {^j�rjd^ {^jdg^a U [\ rj {^j�rjd^ _gcZdg_gZ^ Á{^j

_a Y[j^\ n^\ [a[Y[jd^\Âm [j {_\^ n[a \Z\d[Y_
Σm f rj \rc{^j�rjd^ n[

R
m m d_a �r[

0 ∈ U
f
span{U} = R

m
[j [a {_\^ n[

Σaff

o
«©



Xn[Y�\m {^j\Zn[g_Y^\ �r[m a^\ {_Y]^\ n[ �[{d^g[\ fu = f(·, u)
n[�jZn^\ ]^g Σm \^j

nZq[g[j{Z_ca[\ Án[ {a_\[ C∞
Âo �ZYZa_gY[jd[m \r]^j[Y^\ �r[ a^\ {_Y]^\ n[ �[{d^g[\

g0, g1, ..., gm
n[�jZn^\ ]^g Σaff

\^j nZq[g[j{Z_ca[\o Ð^ j[{[\Zd_g[Y^\ g[hra_gZn_n
n[
f(x, u)

[j Σ {^j g[\][{d^ _
um {r_jn^ dg_c_�[Y^\ {^j {^jdg^a[\ {^j\d_jd[\ ]^g

dg^b^\o `j {_\^ {^jdg_gZ^m \r]^jng[Y^\ �r[ f(x, u)
�rjd^ {^j a_ ]gZY[g_ n[gZ�_n_

]_g{Z_a {^j g[\][{d^ _
u
\^j nZq[g[j{Z_ca[\ {^Y^ qrj{Z^j[\ n[

x
f {^jdZjr_\ {^j

g[\][{d^ _
(x, u)

o
¯_Y^\ _e^g_ a_ n[�jZ{Z�j n[ {^j�rjd^\ _a{_jb_ca[\o

06ä/()(K/ ±*>* ô�ç�çé���� ç� í�}îê}�� æ� ��æ�� ��� õê}��� ç�íç}�çì���� æ��æ�
p ∈ X � >7�U���7 ;����?���� ��D�� p X7� Σ � � �� æ�}��ç��� õ�é R(p)ó úçéç�ç í�ç�� æ� í�}�é���� í�}��ç}��� õ�é �é����� M��� �� �� í�}îê}�� æ� õê}���

γuk
tk

◦ ... ◦ γu1
t1 (p), k ≥ 1, u1, ..., uk ∈ U, t1, ..., tk ≥ 0.

èêç}æ� t1 + ...+ tk = t
æ�é���� �� �7�U���7 �����?���� �� �� ���LX7 t ��D��

p � �� æ�}��çé���� õ�é Rt(p)
� � �� í�}îê}�� æ� �ç��� õê}��� í�} t1 + ... + tk ≤ t��é� ��ç�çæ� �7�U���7 �����?���� �� �� ���LX7 Lef�L7

t
��D�� p � ��

æ�}��çé���� õ�é R≤t(p) ó
`\ n[ [\][g_g �r[ a^\ {^j�rjd^\ _a{_jb_ca[\ n[ rj \Z\d[Y_ n[ {^jdg^a j^ aZz

j[_a j^ d[jh_j rj_ [\dgr{drg_ \[j{Zaa_o ¥_\Z jrj{_ \[g�j \rc[\]_{Z^\ aZj[_a[\m _lj
{r_jn^ X = R

n f
U = R

m
o

½^g d_jd^m jr[\dg^ �j [\ [\d_ca[{[g ]g^]Z[n_n[\ {r_aZd_dZ�_\ n[ a^\ {^j�rjd^\ _az
{_jb_ca[\o
06ä/()(K/ ±*±* ��é���� �ê� �� ������ç

Σ
�� �íí���ì�� æ��æ� p� �� �ê í�}îê}��

ç�íç}�çì��R(p), ���}� �}��é��é }� �çíÿ�ó å����çé��}��� ��ç�çé���� ç ���� ������ç#ê�é����}�� �íí���ì�� æ��æ� p, �� �� í�}îê}�� ç�íç}�çì�� Rt(p)
���}� �}��é��é }�

�çíÿ� õçéç íêç��ê��é t > 0 ó

««



%Ò�Ò gß\×âÞÙÕ Ú× 'Ô× Ú× ÓÔÕÖ×ØÙÕ Ú× ÛÜÝÖÞÜß

06ä/()(K/ ±*́ * å�ç X ê} �êìí�}îê}�� çì��é�� æ�
R
n
ð� X ê}ç �çé��æçæ æ�ë �é�}�

í�çì��ñó ò} B�ù�ìéç æ� ô�� æ� èç�õ�� æ� ��í��é�� ��ìé�X, �� ê} �êì��õçí�� ��}�ç�
S ⊆ V (X)� �� íêç� �� í�ééçæ� ìçî� �ç �õ�éçí��} í�éíü��� æ� ô��+ �� æ�í�é� [f, g] ∈ S����õé� �ê�� f � g ����} �}

S.

½_g_ rj \rc{^j�rjd^ A ⊆ V (X),
n[�jZY^\ ALA

m [a ��ù�ìéç æ� ô�� ù�}�éçæç
õ�é A, {^Y^ a_ Zjd[g\[{{Z�j n[ d^n_\ a_\ �ah[cg_\ n[ {_Y]^\ n[ �[{d^g[\ �r[
{^jdZ[j[j _

A.
Á̀ a {^j�rjd^ n[ d_a[\ �ah[cg_\ [\ j^ �_{�^m f_ �r[ Zj{arf[ V (X)

oÂ
sj_ Zjd[g\[{{Z�j n[ �ah[cg_\ n[ �Z[ [\ d_YcZij rj �ah[cg_ n[ �Z[/ ]^g a^ d_jd^m
ALA

[\ a_ Y[j^g �ah[cg_ n[ �Z[ n[ {_Y]^\ n[ �[{d^g[\ �r[ {^jdZ[j[ _
A.

'6;1 ±*¡* å�ç � ê} �êìí�}îê}�� æ�
V (X).

��}��ç��� A0 := A� �� é�íêé���ç�
��}���

Ak+1 := {[f, g] | f ∈ Ak, g ∈ A}, k = 0, 1, 2, ...,

� A∞ =
⋃
k≥0 Ak.

|}��}í��� ALA

�� �ùêç� ç� �êì��õçí�� ù�}�éçæ� õ�é A∞.

������éçí��}ó ¥r_a�rZ[g �ah[cg_ n[ �Z[ �r[ {^jdZ[j[ _
A

n[c[ {^jd[j[g _
A∞Á]r[\m Zjnr{dZ�_Y[jd[m [\d_ {^jdZ[j[ _ {_n_ Ak

Âm f ]^g d_jd^m d_YcZij {^jdZ[j[ \r
{^j�rjd^ h[j[g_n^gm [a {r_a n[j^d_g[Y^\ ]^g Ã.

X\�m n[c[Y^\ ]g^c_g \^a_Y[jd[
�r[ Ã [\ rj �ah[cg_ n[ �Z[/ [\ n[{Zgm �r[ [\ {[gg_n_ c_�^ a_ ^][g_{Z�j {^g{e[d[ n[
�Z[o !_ �r[ [X, ·]

[\ aZj[_am c_\d_ ]g^c_g �r[

X ∈ Ã, y Y ∈ Ak =⇒ [X,Y ] ∈ Ã (∗)

\[ {rY]a[ ]_g_ d^n^ k. ®c\[g�[Y^\ �r[m {^Y^ X ∈ Ã ]r[n[ [\{gZcZg\[ {^Y^ rj_
{^YcZj_{Z�j aZj[_a n[ [a[Y[jd^\ n[ A∞,

f f_ �r[ [·, Y ]
[\ aZj[_am (∗) [\ [�rZ�_a[jd[_ a_ ]g^]^\Z{Z�j n[ �r[ [X,Y ] ∈ Ã

\Z[Y]g[ �r[ X ∈ A∞
m f Y ∈ Ak.

½g^c_g[Y^\
(∗) ]^g Zjnr{{Z�j \^cg[ k.

`a {_\^ k = 0
[\ [�Zn[jd[ ]r[\m ]_g_ {r_a�rZ[g f ∈ A0 := A, ]^g n[�jZ{Z�j

[X, f ] ∈ Aj+1

\Z
X ∈ Aj

o �r]^j[Y^\ �r[ a_ ]gr[c_ \[ {rY]a[ ]_g_ d^n^\ a^\
«­



�jnZ{[\ Y[j^g[\ ^ Zhr_a[\ _ k, f [\{^�[Y^\ {r_a[\�rZ[g_ X ∈ Ã
f
Y ∈ Ak+1.

X\�
]^n[Y^\ [\{gZcZg Y = [Y0, f ], ]_g_ _ahlj f ∈ A

f
Y0 ∈ Ak.

�_ Zn[jdZn_n n[ k_{^cZ
j^\ n_Ã

[X,Y ] = [X, [Y0, f ]] = [[X,Y0], f ] − [[X, f ], Y0].½^g a_ eZ]�d[\Z\ Zjnr{dZ�_ \[ dZ[j[m [X,Y0] ∈ Ã;
_\�m [[X,Y0], f ] ∈ Ã

Á]^g Zjnr{{Z�j
jr[�_Y[jd[Âo

�ZYZa_gY[jd[m ]^g Zjnr{{Z�j \_c[Y^\ �r[ [[X, f ], Y0] ∈ Ã.
�r[h^m {^Y^ Ã

[\
rj \rc[\]_{Z^m [jd^j{[\ [X,Y ] ∈ Ã. �

`a a[Y_ nZ{[ �r[ d^n^ [a[Y[jd^ [j [a �ah[cg_ n[ �Z[ h[j[g_n_ ]^g rj {^j�rjd^
Am ]r[n[ \[g [�]g[\_n^ {^Y^ rj_ {^YcZj_{Z�j aZj[_a n[ {^g{e[d[\ n[ �Z[ Zd[g_n^\
n[ a_ q^gY_

[[...[f1, f2], f3], ..., f`],

]_g_ _ahlj fi ∈ A.
½^g {^j�[j{Z�jm [a {^g{e[d[ n[ �Z[ Zd[g_n^ ]_g_ ` = 1,

[\
�r\d_Y[jd[m rj [a[Y[jd^ f1

n[a {^j�rjd^ A.
`�rZ�_a[jd[Y[jd[m ]^g _jdZ\ZY[dg�_m

]^n[Y^\ [\{gZcZg {r_a�rZ[g [a[Y[jd^ {^Y^ rj_ {^YcZj_{Z�j aZj[_a n[ {^g{e[d[\
[fl, ..., [f3, [f2, f1]]].

¥^j\Zn[g[Y^\ _e^g_m a_\ \ZhrZ[jd[\ q_YZaZ_\ n[ {_Y]^\ n[ �[{d^g[\ _\^{Z_n_\ _a
\Z\d[Y_

Σ
o

F = {fu}u∈U y G = {fu − fv | u, v ∈ U}.n^jn[ fu = f(·, u).

¯[�jZY^\ [a h������ �� 6�� ��� D�D��L� Σm {^Y^ [a �ah[cg_ n[ �Z[ h[j[g_n_
]^g F / [\ n[{Zgm FLA.

p_YcZijm n[�jZY^\ [a ^���� �� 6�� ��� D�D��L� Σm {^Y^ [a �ah[cg_ n[ �Z[
h[j[g_n_ ]^g G / [\ n[{Zgm GLA.

`j _n[a_jd[m r\_g[Y^\ a_ j^d_{Z�j L f
L0

[j �[b n[ FLA
f
GLA

g[\][{dZ�_Y[jd[o
Ð^d[Y^\ �r[m hg_{Z_\ _a a[Y_ _jd[gZ^gm _Yc_\ n[�jZ{Z^j[\m L f

L0,
]r[n[j \[g

n[�jZn_\ [�rZ�_a[jd[Y[jd[m _ dg_�i\ n[a {^ge[d[ n[ �Z[ Zd[g_dZ�^ {^Y^ \Zhr[
«¬



L = span{[fu1 , · · ·, [fuk−1
, fuk

] · ··] | k ≥ 1, u1, · · ·, uk ∈ U},

L0 = span{[fu1 , · · ·, [fuk−1
, fuk

− fuk+1
] · ··] | k ≥ 1, u1, · · ·, uk+1 ∈ U},

�[ \Zhr[ [jd^j{[\ �r[
L = span{fu∗ ,L0},n^jn[ u∗ [\ {r_a�rZ[g [a[Y[jd^ ��^ n[ U o `j [q[{d^m nZg[{d_Y[jd[ n[ a_\ n[�jZ{Z^j[\

^cd[j[jY^\ �r[ L0 ⊂ Lm f d_YcZij fu∗ ∈ L
o �_ ^dg_ Zj{ar\Z�jm L ⊂ span{fu∗ ,L0}\[ \Zhr[ n[ a_\ Zhr_an_n[\

fu1 = fu∗ + fu1 − fu2 , u2 = u∗,

[fu1 , · · ·, [fuk−1
, fuk

] · ··] = [fu1 , · · ·, [fuk−1
, fuk

− fuk+1
] · ··],

n^jn[ uk+1 = uk−1

o
'6;1 ±*>* úçéç ê} ������ç æ� í�}�é���çë ÿ}Σaff ,

��}���� �ê��F = {g0, ..., gm}LA.

������éçí��}ó `\ \r�{Z[jd[ ]g^c_g �r[ a^\ \rc[\]_{Z^\ h[j[g_n^\ LG n[
{g0, ..., gm}f

LA

n[
A = {fu = f(·, u), u ∈ U}

\^j Zhr_a[\o ¥_n_ [a[Y[jd^ fu = g0 +
∑
uigin[

A
[\ ]^g n[�jZ{Z�j rj_ {^YcZj_{Z�j aZj[_a n[

g′is
/ n[ n^jn[m [\ {a_g^ �r[

LA ⊆ LG. ¹[{�]g^{_Y[jd[m r\_jn^ u = 0
\[ dZ[j[ �r[ g0 ∈ A,m f _\� d_YcZij

�r[m G(x)u = u1g1(x) + ... + umgm(x) = f(x, u) − f(x, 0) ∈ LA,
]_g_ {_n_ u ∈ U.½_g_ �[g �r[ gi ∈ LA, i = {1, ...,m},

��_Y^\ {r_a�rZ[g_ n[ d_a[\
i,

f [\{gZcZzY^\ [a
i−i\ZY^ �[{d^g c_\[ {_j�jZ{^ n[

R
m {^Y^ ei =

∑
j∈J ρjuj,

]_g_ _ahlj
uj

[j U
f jlY[g^\ g[_a[\ ρj Ág[{^gn[Y^\ �r[ 0 ∈ U

f
U h[j[g_

R
m
Âo �r[h^m

gi = G(x)ei =
∑

j∈J ρjG(x)uj ∈ LA.

�

`j �Zgdrn n[ a^\ n^\ a[Y_\ _jd[gZ^g[\m d[j[Y^\ �r[m [a �ah[cg_ n[ �Z[ f [a Zn[_a
n[ �Z[ n[a \Z\d[Y_ n[ {^jdg^az_�j Σaff

m [\d�j n_n^\m g[\][{dZ�_Y[jd[m ]^g
«ª



L = Lie{g0, g1, ..., gm},

= span{[gi1 , · · ·, [gik−1
, gik ] · ··] | k ≥ 1, 0 ≤ i1, · · ·, ik ≤ m},

L0 = span{[gi1 , · · ·, [gik−1
, gik ] · ··] | k ≥ 1, 0 ≤ i1, · · ·, ik ≤ m, ik 6= 0}.

öB6;GE3 ±*¡* úçéç ��ê��éçí��}� íç�íê�çé���� �� ��ù�ìéç æ� ô�� � �� �æ�ç� æ� ô��æ�� ������ç ��}�ç�

ẋ = Ax+Bu = Ax+
m∑

i=1

uibi,

æ�}æ� bi ��} íç�õ�� æ� ��í��é�� í�}��ç}���� ���}æ� í��ê�}ç� æ� �ç �ç�éÿ� ÷ó
��ç}æ� �} íê�}�ç �ê� g1 = b1, ..., gm = bm
� f = g0 = Ax� � �� í�éíü��� æ�

ô�� æ� íç�õ�� æ� ��í��é�� í�}��ç}��� �� í�é�� �}í�}�éç��� �} �ç ë�é�ê�ç ç}��é��é
õçéç L0

� �ê� ���  }�í�� ���éçæ�� æ�� í�éíü��� æ� ô�� }� }ê��� ��}
[Ax, bi] = −Abi, [Ax, [Ax, bi]] = [Ax,−Abi] = A2bi, ..., adAx···adAxbi = adjAxbi = (−1)jAjbi.

ôê�ù�� �� �æ�ç� L0
í�}�����  }�íç��}�� æ� íç�õ�� æ� ��í��é�� í�}��ç}����

L0 = span{Ajbi | j ≥ 0, 1 ≤ i ≤ m},

� L = span{Ax,L0}.

�^\ g[\rad_n^\ ]g[\[jd_n^\ [j [\d_ \[{{Z�jm e_j \Zn^ [�dg_Zn^\ [j hg_j ]_gd[ n[
¿¬À Á]_h ¤«-z¤«©Âm n^jn[ \[ ]r[n[ _Y]aZ_g \r {^Y]g[j\Z�jo

%Ò%Ò ÛÞÔÖ×ÞÔÜÕ Ú× i		×ÕÔâÔßÔÚÙÚ

¯_n_ rj_ q_YZaZ_ n[ {_Y]^\ n[ �[{d^g[\ Hm r\_g[Y^\ a_ j^d_{Z�j
H(x) = span{h(x) | h ∈ H}.

«¶



`j ]_gdZ{ra_gm L f
L0

n[j^d_g�j a^\ [\]_{Z^\ n[ �[{d^g[\ d_jh[jd[\ [j x n[�jZn^\
]^g [a �ah[cg_ n[ �Z[ f [a Zn[_a n[ �Z[ n[a \Z\d[Y_

Σ
o

A6326;1 ±*¡*
j1k å� õçéç ê} ������ç æ�ë �é�}í�çì�� Σ

ð������ç íê��� íç�õ�� ç��í�çæ�� ��} C∞
ñ

�� ��ù�ìéç æ� ô�� �� æ� éç}ù� ���ç�� dimL(x0) = n� �}��}í�� �� í�}îê}��
ç�íç}�çì�� �} ê} ����õ� ������ t� æ��æ� x0

� ���}� �}��é��é }� �çíÿ�� � ç�ÿ�
�� ������ç �� çíí���ì�� æ��æ� x0 ój-k å� �� ������ç �� ç}ç�ÿ��í� ð������ç íê��� íç�õ�� ç��í�çæ�� ��} ç}ç�ÿ��í��ñ �
dimL(x0) < n� �}��}í�� �� ������ç �� }� çíí���ì�� æ��æ� x0.

������éçí��}ó
j1k `j ]gZY[g arh_gm f_ �r[ dimL(x0) = nm [jd^j{[\ dimL(x) = nm ]_g_ x [j

rj_ �[{Zjn_n n[
x0

Á[a g_jh^ d^d_a [\ g[_aZb_n^ ]^g n {_Y]^\ n[ �[{d^g[\ a^\
{r_a[\ \^j aZj[_aY[jd[ Zjn[][jnZ[jd[\ [j rj_ �[{Zjn_n n[

x0

Âo p_YcZij \[
\Zhr[ n[ a_ YZ\Y_ \r]^\Z{Z�jm �r[ [�Z\d[ rj u1 ∈ U m d_a �r[m fu1(x0) 6= 0

o ¯[
^dg^ Y^n^m ]^g a_ n[�jZ{Z�j �_{^cZ_j_ n[a {^g{e[d[ n[ �Z[m d[jng�_Y^\ �r[
d^n^\ a^\ {_Y]^\ n[ �[{d^g[\ [j L

\[ _jra_j [j x0
m f _\�m dimL(x0) = 0.�_\ dg_f[{d^gZ_\ γu1

t1 (x0)
m t ∈ V1 = (0, ε1)

m ε1 > 0m q^gY_j rj_ \rc�_gZ[n_n
rj^ nZY[j\Z^j_a n[ X m a_ {r_a n[j^d_Y^\ ]^g S1.X�gY_Y^\ _e^g_ �r[ [�Z\d[ rj u2 ∈ U m d_a �r[m a^\ {_Y]^\ n[ �[{d^g[\
fu1

f
fu2

\^j aZj[_aY[jd[ Zjn[][jnZ[jd[\ [j rj ]rjd^ x1 ∈ S1

o `j {_\^
{^jdg_gZ^m d^n^\ a^\ {_Y]^\ n[ �[{d^g[\ [j F

\[g�_j d_jh[jd[ _ a_ \rc�_gZ[n_n
S1

o ¥^Y^m d^Y_jn^ {^YcZj_{Z^j[\ aZj[_a[\ f {^g{e[d[ n[ �Z[ n[ {_Y]^\ n[
�[{d^g[\ d_jh[jd[\ _ rj_ \rc�_gZ[n_n n_j �[{d^g[\ d_jh[jd[\ _ [\d_ \rc�_z
gZ[n_n Á]g^]Z[n_n ¤Âm d[jng�_Y^\ �r[ d^n^\ a^\ {_Y]^\ n[ �[{d^g[\ [j L\[g�_j d_jh[jd[\ _ S1,

a^ {r_a {^jdg_n[{Zg�_ dimL(x0) = n
Á\Z

n > 1
Âo

�[_j fu1

f
fu2

aZj[_aY[jd[ Zjn[][jnZ[jd[\ [j x1 = γu1
t1 (x0) ∈ S1

m 0 < t1 < ε1
o

¯[�jZY^\ a_ qrj{Z�j
V2 3 (t1, t2) −→ x = γu2

t2 ◦ γu1
t1 (x0),

«³



n^jn[ V2

[\ rj \rc{^j�rjd^ _cZ[gd^ n[
R

2
Ã
V2 = (0, ε1) × (0, ε2)

m ε2 > 0
o

½_g_ ε2 \r�{Z[jd[Y[jd[ ][�r[�^m a_ ZY_h[j n[ [\d_ qrj{Z�j {^jdZ[j[ rj_
\rc�_gZ[n_n n[

X
n[ nZY[j\Z�j 2

Á[\d^ \[ \Zhr[ n[ a_ Zjn[][jn[j{Z_ aZj[_a
n[

fu1

f
fu2

Âm a_ {r_a n[j^d_Y^\ ]^g S2

o
½^g rj _ghrY[jd^ _j�a^h^ _a n[ _ggZc_ [�Z\d[ rj u3 ∈ U

f rj ]rjd^ x2 ∈ S2
m

d_a �r[m [a {_Y]^ n[ �[{d^g[\ fu3

j^ [\ d_jh[jd[ _
S2

[j x2

o X\�m a_ ZY_h[j
n[ a_ qrj{Z�j

V3 3 (t1, t2, t3) −→ x = γu3
t3 ◦ γu2

t2 ◦ γu1
t1 (x0),Ád^Y_jn^ V3 = (0, ε1) × (0, ε2) × (0, ε3))

{^jdZ[j[ rj_ \rc�_gZ[n_n S3

n[
Xn[ nZY[j\Z�j ©o ½^g \r]r[\d^m Si m i = 1, 2, 3

\^j \rc{^j�rjd^\ n[a {^j�rjd^
_a{_jb_ca[o
¯[\]ri\ n[ g[][dZg a_ {^j\dgr{{Z�j _jd[gZ^g nz�[{[\m ^cd[j[Y^\ rj_ \rc�_z
gZ[n_n Sn n[

X
n[ nZY[j\Z�j nm [\ n[{Zgm rj \rc{^j�rjd^ _cZ[gd^ n[

X m [a
{r_a [\d� {^jd[jZn^ [j [a {^j�rjd^ _a{_jb_ca[ R(x0)

fm Y�\ ]g[{Z\_Y[jd[m [j
[a {^j�rjd^ _a{_jb_ca[ R≤t(x0)

m n^jn[ t = ε1 + · · · + εn
o !_ �r[m ε1, ..., εne_cg�_j ]^nZn^ \[g d^Y_n^\ _gcZdg_gZ_Y[jd[ ][�r[�^\m \[ \Zhr[ �r[ {r_a�rZ[g

{^j�rjd^ _a{_jb_ca[ Rt
m t > 0

dZ[j[ Zjd[gZ^g j^ �_{�^o
j-k ¯[ a^\ {^g^a_gZ^\ Á¦o¤Â f Á¦o¦Â g[a_dZ�^\ _a d[^g[Y_ n[ �gcZd_m d[j[Y^\ �r[m [a

[\]_{Z^ d_jh[jd[ _ a_ �gcZd_ n[\n[ x0

[\ Zhr_a _L(x0)
o ¥r_jn^ dimL(x0) < nm\[ \Zhr[ �r[m [\d_ �gcZd_ [\ rj_ \rc�_gZ[n_n n[ nZY[j\Z�j Y�\ ][�r[�_ �r[

n
o X\�m \r Zjd[gZ^g [\ �_{�^o ¥^Y^ [a {^j�rjd^ _a{_jb_ca[ [\ rj \rc{^j�rjd^

n[ a_ �gcZd_m \r Zjd[gZ^g d_YcZij [\ �_{�^o

�

öB6;GE3 ±*>* è�}��æ�é���� �� ������ç í�} í�}�é�� ��íç�çé u ∈ U = R

ẋ1 = u, ẋ2 = xk1, k ≥ 2.�ê���é� ������ç �� í�}�é���çë ÿ} í�} f = (0, xk1)
T � g = (1, 0)T ó |}��}í��

[g, f ] = (0, kxk−1
1 )T , [g, [g, f ]] = (0, k(k − 1)xk−2

1 )T , adkgf = (0, k!)T ,

� ç�ÿ dimL0(x) = dimL(x) = 2 õçéç ��æ� x� �} õçé��íê�çé �� ������ç �� ëê�é���
��}�� çíí���ì�� æ��æ� �� �é�ù�}ó

­-



�Z a_ nZY[j\Z�j n[a �ah[cg_ n[ �Z[ n[a \Z\d[Y_ j^ [\ n[ g_jh^ d^d_a [j _ahlj
]rjd^m d^n_��_ d[j[Y^\ [a \ZhrZ[jd[ g[\rad_n^o
¢323E12(3 ±*¡* å� �� ������ç

Σ
�� ç}ç�ÿ��í�� �}��}í�� �� �}��é��é �} �ç �éì��ç

Orb(x0)
æ�� í�}îê}�� ç�íç}�çì��R(x0)

�� }� �çíÿ�ó
������éçí��}ó �Z dimL(x0) = nm [jd^j{[\ d[j[Y^\ \ZY]a[Y[jd[ a_ ]_gd[ Á_Â n[a
d[^g[Y_ _jd[gZ^go ¥r_jn^ [\d_ nZY[j\Z�j [\ Y[j^gm ]^n[Y^\ g[\dgZjhZg jr[\dg^
\Z\d[Y_ _ a_ �gcZd_ �r[ ]_\_ _ dg_�i\ n[a ]rjd^ ZjZ{Z_ao �^\ {^g^a_gZ^\ Á¦o¤Â f Á¦o¦Â
nZ{[j �r[ dimL(x0)

[\ Zhr_a _ a_ nZY[j\Z�j n[ a_ �gcZd_o X\�m jr[\dg^ \Z\d[Y_
g[nr{Zn^ _ a_ �gcZd_m \_dZ\q_{[ a_\ eZ]�d[\Z\ n[ a_ ]_gd[ Á_Â n[a d[^g[Y_ _jd[gZ^g f
n[ _�r� \[ \Zhr[ jr[\dg^ g[\rad_n^o

�

`�Z\d[ rj_ g[a_{Z�j _j�a^h_ [jdg[ [a Zn[_a n[ �Z[ L0
f [a {^j�rjd^ _a{_jb_ca[ [j

rj dZ[Y]^ tm a_ {r_a [\ [\d_ca[{Zn_ ]^g [a \ZhrZ[jd[ d[^g[Y_m �r[ qr[ ]g^c_n^ ]^g
�r\\Y_jj f krgn�[�Zd [j ¿³Àm f {rf_ ]gr[c_ j^ [\d� _ jr[\dg^ ZjY[nZ_d^ _a{_j{[o
A6326;1 ±*>*

j1k å� �� ������ç �� æ�ë �é�}í�çì�� � dimL0(x0) = n� �}��}í�� �� í�}îê}�� ç�íç}�çì��
Rt(x0)

���}� �}��é��é }� �çíÿ� õçéç íêç��ê��é t > 0 ój-k å� dimL0(x0) < n� �}��}í�� �� �}��é��é æ�� í�}îê}��Rt(x0) = ∅� õçéç íêç��ê��é
t > 0 ó

öB6;GE3 ±*±* è�}��æ�é���� �� ������ç ��ìé�
R

2

ẋ1 = 1, ẋ2 = ux2
1,

� ������� x0 = (0, 0)� � U = R ó 
�}����
F = {(1, ux2

1)
T | u ∈ R}, G = span{(0, x2

1)}.

­¤



|� ��ù�ìéç æ� ô�� L í�}���}� ��� íç�õ�� æ� ��í��é��
f1 = (1, 0)T , f2 = (1, x2

1)
T , f3 = [f1, f2] = (0, 2x1)

T , [f1, f3] = (0, 2)T .

ôê�ù�� dimL(x0) = 2 � ç�ÿ �� ������ç �� çíí���ì�� æ��æ� x0 ó
ú�é ��é� �çæ�� }������ �ê� L0(x0) = �õç}{(0, 1)T}+ ç�ÿ� dimL0(x0) = 1.

|}�
��}í��� õ�é �ç õçé�� ðìñ æ�� ���é��ç ç}��é��é ��}���� �ê� �� �}��é��é æ�� í�}îê}��
Rt(x0)

�� �çíÿ�� � õ�é �ç}��� �� ������ç }� �� ëê�é����}�� çíí���ì��ó

­¦



ÅTÆÇU��V l

ÅVxUWV�TÉR�RQTQ Ê uÆWVmRwTSR¼x ÆVW
ÅTwRxVy

.ÒÑÒ ÓÔÕÖ×ØÙÕ KÔ×ØáÜãn×S×ÞÕÔâß×

`j h[j[g_am [a {^j�rjd^ _a{_jb_ca[ [\ rj \rc{^j�rjd^ n[ a_ �gcZd_o `\ j_drg_a
]g[hrjd_g\[ [j �ri dZ]^ n[ \Z\d[Y_\ [a {^j�rjd^ _a{_jb_ca[ {^Zj{Zn[ {^j a_ �gcZd_o
sj_ {a_\[ n[ d_a[\ \Z\d[Y_\ [\ aa_Y_n_ \Z\d[Y_\ dZ[Y]^zg[�[g\Zca[o

`j _n[a_jd[ {^j\Zn[g_g[Y^\ {^jdg^a[\ {^jdZjr^\ _ dg^b^\o ½^g n[�jZ{Z�jm [aa^\
\[g�j qrj{Z^j[\ u : [0, T ] −→ U

n[�jZn_\ \^cg[ Zjd[g�_a^\ �jZd^\ [0, T ]
f {^jzdZjr_\m [�{[]d^ [j rj jlY[g^ �jZd^ n[ ]rjd^\m d[jZ[jn^ a�YZd[\ ]^g a_ n[g[{e_

f ]^g a_ Zb�rZ[gn_ [j d_a[\ ]rjd^\o ¯Zg[Y^\ �r[ rj_ qrj{Z�j g(x, u)
[\ n[ {a_\[

Ck,0 Ág[\][{dZ�_Y[jd[ n[ {a_\[ Ck,∅
Â \Z

U
[\ rj [\]_{Z^ YidgZ{^ f

g
[\ {^jdZjr_

{^Y^ qrj{Z�j n[
(x, u)

�rjd^ {^j d^n_\ a_\ n[gZ�_n_\ ]_g{Z_a[\ {^j g[\][{d^ _
x
n[

^gn[j j^ Y_f^g �r[ k Ág[\][{dZ�_Y[jd[m U [\ {r_a�rZ[g {^j�rjd^ f
g(x, u)

[\ n[
{a_\[ Ck {^j g[\][{d^ _

xm ]_g_ {r_a�rZ[g u ∈ U
��^Âo

06ä/()(K/ ´*¡* ôôç�çé���� ç� ������ç
Σ : ẋ = f(x, u)� 
���õ��þ���é��ì�� ��

������ ê}ç ëê}í��} U 3 u −→ v(u) ∈ U � ê}ç ëê}í��} õ������ç λ(x, u)
æ� í�ç��

­©



C1,∅ � �ç��� �ê��
f(x, u) = −λ(x, u)f(x, v(u)) para cualquier (x, u) ∈ X × U.

å����çé��}��� Σ
�� ��ç�çæç 
���õ��þ���é��ì�� #��æìçíT� �� ������} ëê}í��}��

(x, u) −→ v(x, u) ∈ U � λ(x, u)
ðõ������çñ æ� í�ç�� C1,0 � �ç��� �ê��

f(x, u) = −λ(x, u)f(x, v(x, u)) para todo (x, u) ∈ X × U.

D23G3:()(K/ ´*¡* úçéç íêç��ê��é ������ç 
���õ��þ���é��ì�� í�} f(x, u)
æ� í�ç��

C1,∅ � í�}�é���� í�}��ç}��� ç �é���� ðé��õ�í���ç��}��� õçéç íêç��ê��é ������ç ����õ��
é���é��ì�� ë ��æìçíT í�} f æ� í�ç�� C1,0 � í�}�é���� í�}��}ê�� ç �é����ñ �� ���}��

R(x0) = Orb(x0).

������éçí��}ó `j a_ n[�jZ{Z�j n[ {^j�rjd^ _a{_jb_ca[ j^ [\d� ][gYZdZn^ Zg e_{Z_
_dg�\ _ a^ a_gh^ n[ a_\ dg_f[{d^gZ_\ n[ a^\ {_Y]^\ n[ �[{d^g[\ fu = f(·, u)m {^jzdg_gZ_Y[jd[ _a {_\^ n[ a_ �gcZd_o `\d^ \ZhjZ�{_ �r[m ]_g_ {^jdg^a[\ {^j\d_jd[\ _
dg^b^\m d[j[Y^\ a_ Zj{ar\Z�j R(x0) ⊂ Orb(x0)

][g^m ]^\Zca[Y[jd[m j^ a_ Zj{ar\Z�j
{^jdg_gZ_o `a e[{e^ n[ �r[ rj \Z\d[Y_ dZ[Y]^zg[�[g\Zca[ _�_j{[ e_{Z_ _dg�\m [j
rj dZ[Y]^ _ a^ a_gh^ n[ rj_ dg_f[{d^gZ_ n[

fu
m ]r[n[ \[g g[[Y]a_b_n^ Á\^cg[ rj_

[\{_a_ n[ dZ[Y]^ n[�jZn_ ]^g λÂ ]^g _�_jb_g e_{Z_ _n[a_jd[ {^j [a {^jdg^a v(u)o½^g d_jd^m ]_g_ rj \Z\d[Y_ dZ[Y]^zg[�[g\Zca[ a^\ ]rjd^\ a^\ {r_a[\ \^j _a{_jb_ca[\
_n[a_jd[z_dg�\ _ dg^b^\m ]^g dg_f[{d^gZ_\ n[

fu, u ∈ U m Án[�jZ{Z�j n[ a_ �gcZd_Â
\^j d_YcZij _a{_jb_ca[\ e_{Z_ _n[a_jd[ ]^g d_a[\ dg_f[{d^gZ_\ f \[ \Zhr[ a_ Zjz
{ar\Z�j R(x0) ⊃ Orb(x0)

o �^\ YZ\Y^\ _ghrY[jd^\ \^j ��aZn^\ ]_g_ ]g^c_g [\d_
Zj{ar\Z�j [j [a {_\^ n[ \Z\d[Y_\ dZ[Y]^zg[�[g\Zca[ q[[nc_{om n^jn[ r\_Y^\ [a {^jzdg^a ũ(t) = v(x(t), u)

[j ^gn[j _ Zg e_{Z_ _dg�\ _ a^ a_gh^ n[ a_ dg_f[{d^gZ_ n[
fu

o
`j [a {_\^ n[ {^jd^a[\ {^jdZjr^\ _ dg^b^\ a_ Zj{ar\Z�j R(x0) ⊂ Orb(x0)

\[ \Zhr[ n[
a_ \ZhrZ[jd[ ]g^]^\Z{Z�jo

�

¯Z{e_ ]g^]^\Z{Z�j nZ{[ �r[ m ]_g_ {^jdg^a[\ {^jdZjr^\ _ dg^b^\m a_\ dg_f[{d^gZ_\
n[

Σ {^Y[jb_jn^ n[\n[
x0 ∈ X j^ ]r[n[j \_aZg\[ n[ a_ �gcZd_ Orb(x0).

­«



D23G3:()(K/ ´*>* å� U �� ê} ��õçí�� �M�é�í� � f(x, u)
�� æ� í�ç��C1,0

�}��}í���
õçéç í�}�é���� í�}��}ê�� ç �é����� ��}���� �ç �}í�ê���}

R(x0) ⊂ Orb(x0).

|} ��éç� õç�çìéç�� íêç��ê��é �éç��í��é�ç æ�
Σ í�éé��õ�}æ��}�� ç ê} í�}�é�� í�}��}ê�

ç �é���� � í���}�ç}æ� æ��æ� x0
� õ�é�ç}�í� �}

Orb(x0)
� õçéç ��æ� ����õ� t� �} ��

íêç� ���M æ�û}�æç �}
X ó

������éçí��}ó ½gZY[g^ ]g^c_g[Y^\ a_ \ZhrZ[jd[ _�gY_{Z�jo �Z x0

[\ rj ]rjd^ [j
X m u : [0, T ] −→ U

[\ rj {^jdg^a {^jdZjr^ _ dg^b^\ f t0 ∈ [0, T ]m [jd^j{[\ [�Z\d[ rj_�[{Zjn_n I n[
t0

[j [0, T ]m d_a �r[m a_ dg_f[{d^gZ_ x(t) n[
Σ {^gg[\]^jnZ[jd[ _

u(·)\_dZ\q_{Z[jn^ x(t0) = x0

[\d� cZ[j n[�jZn_m ]_g_ t ∈ I m f x(t) ∈ Orb(x0)
]_g_ t ∈ I

o
½_g_ ]g^c_g [\d_ _�gY_{Z�j j^d[Y^\ �r[ S := Orb(x0)

[\ rj_ \rc�_gZ[n_nm ]^g [a
d[^g[Y_ n[ �gcZd_m f f(x, u) ∈ TxS

m ]_g_ {r_a�rZ[g x ∈ S
f
u ∈ U.

`\d^ \ZhjZ�{_
�r[ [a \Z\d[Y_

Σ ]r[n[ \[g g[\dgZjhZn^ _
S =: X̃

Á[j rj \Z\d[Y_ n[ {^^gn[j_n_\
a^{_a[\ S _]g^]Z_n^m ]r[n[ \[g a^{_aY[jd[ Zn[jdZ�{_n^ {^j rj \rc{^j�rjd^ _cZ[gd^
n[

R
k m n^jn[ k = dimS

Âo `a a_n^ n[g[{e^m f̃(x̃, u)m n[a \Z\d[Y_ g[\dgZjhZn^m [\
d_YcZij n[ {a_\[ C1,0 m _\� d[j[Y^\ [�Z\d[j{Z_ Á[j SÂ f rjZ{Zn_n n[ \^ar{Z�j n[ a_
[{r_{Z�j ˙̃x = f̃(x̃, u)m {^j a_ {^jnZ{Z�j ZjZ{Z_a x̃(t0) = x0

o `\d_ \^ar{Z�j {^Zj{Zn[
{^j a_ \^ar{Z�j ljZ{_ n[

ẋ = f(x, u)
o `\d^ ZY]aZ{_ jr[\dg_ _�gY_{Z�jo

�r]^jh_Y^\ �r[ \[ {rY]a[ a^ {^jdg_gZ^/ [\ n[{Zg m [�Z\d[ rj {^jdg^a {^jdZjr^
_ dg^b^\ u : [0, T ) −→ U

d_a �r[ a_ {^gg[\]^jnZ[jd[ dg_f[{d^gZ_ x(t) \[ \_a[ n[
a_ �gcZd_ S := Orb(x0)

[j rj dZ[Y]^ t∗ ∈ [0, t).
`\d^ \ZhjZ�{_ �r[m [0, t∗)

[\ [a
Zjd[g�_a^ _cZ[gd^ ]^g a_ n[g[{e_ Y_�ZY_am d_a �r[m x([0, t∗)) [\d� {^jd[jZn_ [j a_
�gcZd_ S o �r]^jh_Y^\ �r[ [a ]rjd^ p∗ := x(t∗)

[\d� [j S
o p^Y_jn^ p = p∗

f
t0 = t∗

[j a_ _�gY_{Z�j ]g^c_n_ _jd[gZ^gY[jd[m �[Y^\ �r[ x(t) ∈ S ]_g_ t > t∗\r�{Z[jd[Y[jd[ {[g{_j^ _
t∗
o `\d^ {^jdg_nZ{[ a_ Y_�ZY_aZn_n n[a Zjd[g�_a^ [0, t∗)

o
�r]^jh_Y^\ �r[ p∗ = x(t∗) j^ [\d� [j S

o `jd^j{[\ p∗ [\d� [j ^dg_ �gcZd_m _
\_c[gm [j Orb(p∗)

o ¯[ jr[�^ [\{^�[Y^\ p∗ {^Y^ ]rjd^ ZjZ{Z_a n[ a_ dg_f[{d^gZ_
x(t)m x(t∗) = p∗ m {^gg[\]^jnZ[jd[ _a {^jdg^a ^gZhZj_ao `jd^j{[\m ]^g a_ _�gY_{Z�jm
a_ dg_f[{d^gZ_ ][gY_j[{[ [j Orb(p∗)m ]_g_ _ahlj t < t∗

o !_ �r[ S = Orb(x0)
f

­­



Orb(p∗)
\^j nZ\�rjd_\m [\d^ {^jdg_nZ{[ [a e[{e^ n[ �r[ x(t) ∈ S m ]_g_ d^n^

t < t∗. �

D23G3:()(K/ ´*±* úçéç íêç��ê��é ������ç ����õ��é���é��ì�� � í�}�é���� í�}��ç}���
ç �é���� ð� ������ç ����õ��é���é��ì�� ë ��æìçíT � í�}�é���� í�}��}ê�� ç �é����ñ� í�}
��� íç�õ�� æ� ��í��é�� fu æ� í�ç�� C∞ � ��}����

dimL(x0) = n =⇒ x0 ∈ intR(x0).

������éçí��}ó ¯[ jr[\dg^\ d[^g[Y_\ \^cg[ _{{[\ZcZaZn_n n[ \Z\d[Y_\ f �ah[cg_\ n[
�Z[m \[ \Zhr[ �r[ dimL(x0) = n

ZY]aZ{_ �r[m [a {^j�rjd^ _a{_jb_ca[ {^gg[\]^jnZ[jd[
_ {^jdg^a[\ {^j\d_jd[\ _ dg^b^\ dZ[j[ Zjd[gZ^g j^ �_{�^o �[_ x1

rj ]rjd^ [j [\d[
Zjd[gZ^gm {^jd[jZn^ �rjd^ {^j \r �[{Zjn_n W [j [a {^j�rjd^ _a{_jb_ca[o X\�

x1 = γuk
tk

◦ ... ◦ γu1
t1 (x0)

]_g_ _ahlj k ≥ 1m u1, ..., uk ∈ U
f
t1, ..., tk ∈ (0,∞)m n^jn[ γut n[j^d_ [a ¾r�^ n[

fu
o �_\ dg_f[{d^gZ_\ {^j dZ[Y]^ e_{Z_ _n[a_jd[ n[

fu1 , ..., fuk

]r[n[j \[g aa[�_n_\
e_{Z_ _dg�\ r\_jn^ a^\ {^jdg^a[\ v1 = v(u1), ..., vk = v(uk)

Án[�jZn^\ [j jr[\dg_
n[�jZ{Z�j n[ \Z\d[Y_\ dZ[Y]^zg[�[g\Zca[Âm [\{^hZ[jn^ dZ[Y]^\ ]^\ZdZ�^\ _n[{r_n^\
τ1, ..., τk

m _\Z �r[m [a ]rjd^
x2 = γv1τ1 ◦ ... ◦ γvk

τk
◦ γuk

tk
◦ ... ◦ γu1

t1 (x0) = γv1τ1 ◦ ... ◦ γvk
τk

(x1)

{^Zj{Zn[ {^j x0

o `\d[ ]rjd^ [\d� d_YcZij [j [a Zjd[gZ^g n[a {^j�rjd^ _a{_jb_ca[
{r_jn^ a_ {^Y]^\Z{Z�j n[ ¾r�^\ γv1τ1 ◦ ... ◦ γvk

τk

[\ rj nZq[^Y^g�\Y^ a^{_a f Y_][_ a_
�[{Zjn_nW n[

x1

\^cg[ rj_ �[{Zjn_n V n[
x2 = x0

o ¥^Y^W [\d� {^jd[jZn_ [j [a
{^j�rjd^ _a{_jb_ca[ R(x0)

m V d_YcZij [\d� {^jd[jZn_ [j R(x0)
o �[ \Zhr[ [jd^j{[\

�r[ x0

[\d� {^jd[jZn^ [j n[a {^j�rjd^ _a{_jb_ca[ n[\n[
x0.

`j [a {_\^ n[ rj \Z\d[Y_ dZ[Y]^zg[�[g\Zca[ q[[nc_{o a_ ]gr[c_ [\ \ZYZa_go `j [\d[
{_\^ a^\ ¾r�^\ n[ a^\ {_Y]^\ n[ �[{d^g[\ fu {^gg[\]^jnZ[jd[\ _ {^jdg^a[\ {^j\d_jd[\mn[c[j \[g g[[Y]a_b_n^\ ]^g a^\ ¾r�^\ n[ {_Y]^\ n[ �[{d^g[\ fu(t) m {^gg[\]^jnZ[jd[\_ {^jdg^a[\ {^jdZjr^\ t −→ u(t). �

­¬



¥^Y^ rj {^g^a_gZ^ ^cd[j[Y^\ ^dg_ ]gr[c_ n[a d[^g[Y_ n[ ¥e^pz¹_\e[�\oZZÁ[\d_ ]gr[c_ [\ Zjn[][jnZ[jd[ n[a d[^g[Y_ n[ �gcZd_Âo
¢323E12(3 ´*¡* å� �� ������ç �� ����õ��é���é��ì��� X �� í�}���� fu ��} æ� í�ç��
C∞ � dimL(x) = n õçéç ��æ� x ∈ X � �}��}í�� íêç��ê��é õê}�� æ�

X
�� ç�íç}�çì��

üçí�ç çæ��ç}��� æ��æ� íêç��ê��é ��é�� õ�é í�}�é���� í�}��ç}��� ç �é����+ �� æ�í�é�
R(x) = X õçéç íêç��ê��é x ∈ X.

������éçí��}ó ¯[ a_ ]g^]^\Z{Z�j «o¤ \[ \Zhr[ �r[ [a {^j�rjd^ _a{_jb_ca[ R(x){^Zj{Zn[ {^j a_ �gcZd_o Xn[Y�\m \[ \Zhr[ n[ a_ ]g^]^\Z{Z�j «o© �r[mR(x)
[\ _cZ[gd^

f_ �r[m n[\]ri\ n[ _a{_jb_g {r_a�rZ[g ]rjd^m d_YcZij ]^n[Y^\ _a{_jb_g rj_ �[{Zjzn_n n[ [\d[ ]rjd^o X\�m a^\ {^j�rjd^\ _a{_jb_ca[\ {^Zj{Zn[j {^j a_\ �gcZd_\ f \^j
\rc{^j�rjd^\ _cZ[gd^\ n[ X. ¥^Y^ X [\ rj_ rjZ�j nZ\�rjd_ n[ �gcZd_\m [jd^j{[\m
[\ rj_ rjZ�j nZ\�rjd_ n[ �gcZd_\ _cZ[gd_\o ¯[ a_ {^j[�Zn_n n[

X
\[ \Zhr[ �r[ X{^j\Z\d[ n[ rj_ �gcZd_o `jd^j{[\m ]_g_ {r_a�rZ[g x0

a_ �gcZd_ n[
x0

[\ Zhr_a _ X o
¥^Y^ a^\ {^j�rjd^\ _a{_jb_ca[\ n[ x0

{^Zj{Zn[j {^j a_ �gcZd_m [\d^\ \^j d_YcZij
Zhr_a[\ _ X. �

X {^jdZjr_{Z�j ]g[\[jd_Y^\ rj Zjd[g[\_jd[ [�[Y]a^m �r[ Zar\dg_ n[ q^gY_ ]g�{zdZ{_m a_ d[^g�_ n[\_gg^aa_n_ e_\d_ _�r�o
öB6;GE3 ´*¡* ð|� íçéé� æ� �����}ñ
è�}��æ�é���� �� ��ùê��}�� ��æ��� ���õ�� õçéç �ç í�}æêíí��} æ� ê} ��üÿíê��ó

è�}��æ�é���� �� í�}îê}��
R

4, í��� �� ��õçí�� ���çæ�� æ�}æ� ê} ���çæ� x íê�}�
�ç í�} íêç�é� í��õ�}�}��� (x1, x2, x3, x4)

� �} �ç� �ê� �ç� æ�� õé���éç�� (x1, x2)é�õé���}�ç} �ç� í��éæ�}çæç� æ�� í�}�é� æ�� �î � ëé�}�ç� æ�� ��üÿíê��� �ç ��éí�éç�
x3 = θ,

�� �}ùê�� æ�� ��üÿíê�� í�} é��õ�í�� ç� �����î � õ������� æ� �ç� x ��æ�æ�
�} �� ��}��æ� í�}�éçé�� ç �ç� çùêîç� æ�� é���î� � �ç íêçé�ç x4 = φ� �� �}ùê�� æ� �ç�
éê�æç� æ��ç}��éç� í�} é��õ�í�� ç �ç �é��}�çí��} æ�� ��üÿíê�� ð��é ûùêéç qó�ñó

ôç� éê�æç� æ��ç}��éç� ��} �}��}í�� õçéç���ç� ç� ��í��é (cos(φ + θ), sin(φ + θ))æ� ��æ� �ê�� í��� �ç ����í�æçæ �}��ç}��}�ç æ�� í�}�é� æ�� �î � ëé�}�ç� �� õçéç���ç ç
���� ��í��é� �� ���}�ý

­ª



d

dt

(
x1

x2

)
= u2(t)

(
cos(φ+ θ)

sin(φ+ θ)

)
,

õçéç ç�ùê}ç ëê}í��} ��íç�çé u2(t). rì��é����� �ê� ẋ1
2(t)+ ẋ2

2(t) = u2(t)
2;

ç�ÿ� u2�� �ç ����í�æçæ æ�� íçéé�� �ç íêç� í�éé��õ�}æ� ç ê} õé���é í�}�é��ó

¨Zhrg_ «o¤Ã

|� í�}�é� æ�� �î � �éç��é� ���}� í��éæ�}çæç� (x1 − ` cos θ, x2 − ` sin θ), ���}æ� `�ç æ���ç}í�ç �}�é� ��� æ�� �î ��ó ôç ����í�æçæ æ� ���� õê}�� üç æ� ��é õçéç���ç ç �ç
�é��}�çí��} æ� �ç� éê�æç� �éç��éç� (cosθ, sin θ),

æ� ��æ� �ê�ý

sin θ
d

dt
(x1 − ` cos θ) − cos θ

d

dt
(x2 − ` sin θ) = 0.

�� �ç� æ��  ����ç� �íêçí��}�� �ì��}���� �ê�
`θ̇ = u2 sinφ.

úçéç ����çé }��çí��} ���éç� �êõ�}���� æ��æ� çü�éç �ê� ` = 1.
|� �}ùê�� φíç�ì�ç æ�õ�}æ��}æ� æ� �ç õ���í��} æ� �ç� éê�æç� æ��ç}��éç�+ í�}��æ�é���� õê�� ê}

­¶



��ùê}æ� í�}�é��
u1 = φ̇

|} é��ê��}� í�} �� í�}îê}�� í�}�é�� U = R
2, � ��íé�ì��}æ� ��� í�}�é���� í���

u = (u1, u2) ∈ R
2, �ì��}���� �� ��ùê��}�� ������çý

ẋ = u1




0

0

0

1




+ u2




cos(φ+ θ)

sin(φ+ θ)

sin(φ)

0



.

|} �ç õéçí��íç� �� �}ùê��φ ��éÿç é���é�}ù�æ� ç ç�ù } �}��é�ç�� �ç���ç�
(−φ0, φ0)

+
ç�ÿ õ�æé�ç��� ���çé �� ��õçí�� ���çæ� í���

R
3 × (−φ0, φ0),

�� íêç� }� íç�ì�ç �ç�
í��ç�ó |� ��õ�é�ç}�� }��çé �ê�� �� �}ùê�� æ� �é��}�çí��} θ ���� ���}� ��}��æ� í�}
��æê�� ��}�é � �ùêç� ç 2π,

�� æ�í�é� ��� �}ùê��� �ê� æ�û�é�} õ�é 2π ���}�} �ç
����ç �é��}�çí��} ëÿ��íçó

|� ��æ��� �� ê} ������ç í�}�é���çë ÿ} æ�}æ�

g1 =




0

0

0

1



, g2 =




cos(φ+ θ)

sin(φ+ θ)

sin(φ)

0



.

��íü� ������ç �� ����õ��é���é��ì�� ð���ç}æ� λ ≡ 1 � v(u) = −u
ñó

èêç}æ� u1 ≡ 0 � u2 ≡ 0 �ì��}���� �ç� æ�é�íí��}��

­³






0

0

0

1



y




cos(φ+ θ)

sin(φ+ θ)

sin(φ)

0




ðqó�ñ
é��õ�í���ç��}��ó åê í�éíü��� æ� ô�� õé�õ�éí��}ç �ç }ê��ç æ�é�íí��}




− sin(φ+ θ)

cos(φ+ θ)

cos(φ)

0



,

ðqó�ñ
íê�� í�éíü��� æ� ô�� í�} �� ��ùê}æ� æ� ðqó�ñ� õé�õ�éí��}ç ç �ê ��� �ç æ�é�íí��}




− sin(φ)

cos(φ)

0

0



.

ðqó1ñ

�}��}æ� �} íê�}�ç �ê� �� æ���é��}ç}�� æ� �ç �ç�é�� í��õê���ç õ�é ��� íêç�é�

��í��é�� ðqó�ñ�ðqó1ñ �� �æ�}��íç��}�� �ùêç� ç �� }�� �ê�æç �ê� dimL(x) = 4. ú�é�� �ç}��� �� í�é��çé�� õé���� ç� �î �éí�í��� ùçéç}���ç �ê� �� ������ç �� í�}�é��çì��ó
`j digYZj^\ Y�\ h[j[g_a[\m n^jn[ [a [\]_{Z^ [\d_n^ [\ rj_ �_gZ[n_n nZq[g[jz

{Z_ca[m [j [a [�[Y]a^ _jd[gZ^gm
R

4 ]^ng�_ \[g \r\dZdrZn^ ]^g
R

2 × S
1 × (−φ0, φ0),

¬-



[\d^ [\m [a �jhra^ φ [\ rj [a[Y[jd^ n[a {�g{ra^ rjZd_gZ^o �Z \[ �rZ[g[ ]g^qrjnZb_g rj
]^{^ Y�\ [j [\d[ [�[Y]a^m \[ ]r[n[ {^j\rad_g ¿¬À Á]_h ¤¬-Âo

.Ò�Ò iáÞÜsÔØÙ	ÔtÝ Ú× Û�ÞSÙÕ áÜÞ KÞÙà×	ÖÜÞÔÙÕ

`j [\d_ \[{{Z�j Y^\dg_g[Y^\ ^dg_\ ]g^]Z[n_n[\ n[ {^jdg^a_cZaZn_n n[ a^\ \Z\zd[Y_\m a_\ {r_a[\ [\d�j g[a_{Z^j_n_\ _ \r\ �gcZd_\o `j ]_gdZ{ra_gm Y^\dg_g[Y^\ �r[
]_g_ rj \Z\d[Y_ dZ[Y]^zg[�[g\Zca[m {r_a�rZ[g {rg�_ �r[ f_{[ [j rj_ �gcZd_ \Zjhra_g
]r[n[ \[g C0

_]g^�ZY_n_ Á\^cg[ rj dZ[Y]^ n[ g[]_g_Y[dgZb_{Z�jÂ ]^g dg_f[{d^gZ_\
n[a \Z\d[Y_o �r]^j[Y^\ �r[ u⊂ R

n.

¥^j\Zn[g[Y^\ rj_ {rg�_ {^jdZjr_
C : [0, 1] −→ x.

¯[j^d_g[Y^\ ]^g �Yc = c([0, 1])
a_ ZY_h[j n[ a_ {rg�_ [j X f

p0 := c(0).

06ä/()(K/ ´*>* ��í���� �ê� c(·) õê�æ� ��é C0 �õé����çæç õ�é 
éç��í��é�ç� æ�
Σ� �� õçéç íêç��ê��é ε > 0

������ T > 0� ê} í�}�é�� çæ����ì�� u : [0, T ] −→ U � �
ê}ç ëê}í��} í�}��}êç ���é�í�ç��}�� íé�í��}�� τ(t)� τ(0) = 0� τ(T ) = 1� �ç� �ê��
x(T, p0, u(·)) = c(1) �

‖x(T, p0, u(·)) − c(τ(t))‖ < ε,

õçéç ��æ� t ∈ [0, T ]� æ�}æ� x(T, p0, u(·))
�� �ç �éç��í��é�ç í���}�ç}æ� �}

t = 0æ��æ� p0,
� ‖ · ‖

æ�}��ç �ç }�é�ç �êí��æ�ç}çó
�_\ g[a_{Z^j[\ [jdg[ a_\ \ZhrZ[jd[\ {^jnZ{Z^j[\ \[g�j nZ\{rdZn_\ n[\]ri\o

v�w ôç ��çù�} �Yí ���� �} ê}ç �éì��ç ��}ùê�çé æ�
Σ.v��w ôç íêé�ç c : [0, 1] −→ X õê�æ� ��é C0

çõé����çæç õ�é �éç��í��é�ç� æ�
Σ.j���w ôç ��çù�} �Yí ���� �} �ç í�çê�êéç �}

X
æ� ê}ç �éì��ç ��}ùê�çé æ�

Σ
o

A6326;1 ´*¡*
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j1k úçéç f(x, u)
æ� í�ç��C1,0 � í�}�é���� í�}��}ê�� ç �é���� ��}���� ð��ñ

=⇒
ð���ñ�

õçéç íêç��ê��é íêé�ç í�}��}êç c : [0, 1] −→ X.j-k å� Σ
�� ����õ��é���é��ì��� ��� íç�õ�� æ� ��í��é�� fu = f(·, u)� u ∈ U � ��}

ç}ç�ÿ��í�� � ��� í�}�é���� ��} í�}��ç}��� ç �é����� �}��}í�� ð�ñ
=⇒

ð��ñ� õçéç
íêç��ê��é íêé�ç çì���ê�ç��}�� í�}��}êç c : [0, 1] −→ X ó |� é��ê�é����}��
fu ∈ Cw õê�æ� ��é é���õ�ç�çæ� õ�é fu ∈ C∞ � TpOrb(p) = L(p)� õçéçíêç��ê��é p ∈C�c.

������éçí��}ó
j1k �r]^jh_Y^\ �r[ �Y

c j^ [\d� [j a_ {a_r\rg_ n[ rj_ �gcZd_ \Zjhra_go `jd^j{[\
[�Z\d[ s∗ ∈ [0, 1]m d_a �r[m p∗ := c(s∗) j^ [\d� [j cl(S)m n^jn[ S = Orb(p0).`\d^ \ZhjZ�{_ �r[ nZ\d

(p∗, S) = ε > 0.
�Zj [Yc_gh^m [\d_ Zj[{r_{Z�j ZY]aZ{_

�r[ a_ {rg�_ c j^ ]r[n[ \[g _]g^�ZY_n_ {^j [�_{dZdrn Y[�^g �r[ ε ]^g dg_f[{zd^gZ_\ {^Y[jb_jn^ n[\n[
p0

Áf_ �r[ d^n_\ nZ{e_\ dg_f[{d^gZ_\ ][gY_j[{[j [j
S m ]^g ]g^]^\Z{Z�j «o¦Âo `\d^ \ZhjZ�{_ �r[ ÁZZÂ ZY]aZ{_ ÁZZZÂo

j-k �_ ZY]aZ{_{Z�j ÁZÂ
=⇒

ÁZZÂ \[ \[hrZg� n[a d[^g[Y_ ¥e^pz¹_\e[�\oZZ ]g[\[jd_n^[j [a {_]�dra^ ¦o `\{^�_Y^\ ε > 0
o ¥rcgZY^\ �Y

c {^j {^j�rjd^\ {^j[�^\
Vi

[j S m _cZ[gd^\m {_n_ rj^ {^jd[jZn^ [j rj_ εzc^a_ [j X {^j {[jdg^ [j
�Y
cm d_a �r[ a^\ (Vi ∩ S)′s

\^j {^j[�^\o ½^g a_ {^Y]_{Zn_n n[ �Y
c ]^n[Y^\

[\{^�[g rj jlY[g^ �jZd^ n[ d_a[\ {^j�rjd^\ _cZ[gd^\ V0, ..., Vr
^gn[j_n^\ [j

d_a q^gY_ �r[ p0 = c(0) ∈ V0
m pr+1 := c(1) ∈ Vr

m f Vi−1 ∩ Vi∩
�Y
c 6= ∅m ]_g_

i = 1, ..., r
Á[\d^ [\ ]^\Zca[ ]^g a_ {^j[�Zn_n n[ �Y

c
f f_ �r[ a^\ V ′

i s
\^j

_cZ[gd^\Âo `\{^�[Y^\ _ahrj^\ ]rjd^\ pi = c(si)
[j Vi−1∩Vi∩

�Y
cm i = 1, ..., r m_\� �r[m 0 := s0 < s1 < ... < sr ≤ sr+1 := 1.

¯[ a_ \r]^\Z{Z�j fu ∈ Cw

f [a d[^g[Y_ n[ �gcZd_ \[ \Zhr[ �r[ TpS = L(p)m ]_g_ {r_a�rZ[g p ∈ S.�r[h^m [a \Z\d[Y_
Σ g[\dgZ{d^ _ a^\ \rc{^j�rjd^\ _cZ[gd^\ Vi n[ a_ �gcZd_

S
\_dZ\q_{[ a_ {^jnZ{Z�j n[a g_jh^ n[a �ah[cg_ n[ �Z[

dimL(p) = dim X̃ m
n^jn[ X̃ = Vi.

Xn[Y�\m n[a {^g^a_gZ^ «o¤ \[ \Zhr[ �r[ pi ∈ Vi
]r[n[ \[g

rjZn^ _
pi+1 ∈ Vi

m {^j rj_ dg_f[{d^gZ_ �r[ j^ \[ \_a[ n[
Vi
o ¥_n_ ]rjd^

n[ [\d_ dg_f[{d^gZ_ [\d� _ rj_ nZ\d_j{Z_ j^ Y_f^g n[
2ε

n[\n[ {r_a�rZ[g
]rjd^ n[a dg_Y^ c([si, si+1])

n[ �Y
c
Á]r[\d^ �r[ Vi dZ[j[ rj nZ�Y[dg^ j^

¬¦



Y_f^g �r[ 2ε
f
c([si, si+1])

[\d� {^jd[jZn^ [j Vi ]^g a_\ \r]^\Z{Z^j[\ n[ �r[
pi = c(si) ∈ Vi

m pi+1 = c(si+1) ∈ Vi
f
Vi∩

�Y
c
\^j {^j[�^\Âo ¥^j{_d[j_jn^

a_\ dg_f[{d^gZ_\ {^j\[{rdZ�_\ rjZ[jn^ p0 = c(0)
_
p1

[j V0
m [jd^j{[\ p1

_
p2[j V1

[d{om f �j_aY[jd[m pr _
pr+1 = c(1)

[j Vr ^cd[j[Y^\ rj_ dg_f[{d^gZ_
a_ {r_a _]g^�ZY_

c {^j ]g[{Z\Z�j 2ε
Á]^n[Y^\ n[�jZg a_ g[]_g_Y[dgZb_{Z�j

n[
cm a_ {r_a _]_g[{[ [j a_ n[�jZ{Z�j n[ _]g^�ZY_{Z�j C0 m {^Y^ rj_ qrj{Z�j

aZj[_a _ dg^b^\ {^jdZjr_ [0, T ] 3 t −→ s(t) ∈ [0, 1]m a_ {r_a [\ aZj[_a \^cg[ a^\
Zjd[g�_a^\ [Ti−1, Ti]

{^gg[\]^jnZ[jd[\ _ a_\ dg_f[{d^gZ_\ �r[ rj[j pi−1

_
pi

f
\_dZ\q_{[ s(Ti) = si

m i = 0, ..., r + 1
Âo ¥^Y^ ε qri [\{^�Zn^ _gcZdg_gZ_Y[jd[m

�[Y^\ �r[ \[ {rY]a[ ÁZZÂo
Ð^d[Y^\ �r[m [j arh_g n[ r\_g a_ _j_aZdZ{Zn_n n[

fu
[j a_ ]gr[c_ _jd[gZ^g Áa^

{r_a ZY]aZ{_ �r[ TpS = L(p) ]_g_ p ∈ S
Â [\ \r�{Z[jd[ r\_g a_ \r]^\Z{Z�j n[

�r[ TpS = L(p) ]_g_ p ∈
�Y
c
o X \_c[gm [\d_ \r]^\Z{Z�j ZY]aZ{_ a_ Zhr_an_n

Tpi
S = L(pi)

m ]_g_ i = 0, ..., pr+1
m a^ {r_a ZY]aZ{_ Zhr_an_n[\ _j�a^h_\ [j

�[{Zjn_n[\ n[ pi m _\� �r[ ]^n_Y^\ \r]^j[g �r[ TpS = L(p)
\[ {rY]a[ \^cg[

Vi.
Á�_ Zhr_an_n Tpi

S = L(pi)
ZY]aZ{_ a_\ Zhr_an_n[\ _j�a^h_\ [j �[{Zjn_n[\

[j S n[
pi
o `\d^ \[ \Zhr[ n[ n^\ e[{e^\Ã Á_Â \Z[Y]g[ d[j[Y^\ L(p) ⊂ TpS

m ]_g_
p ∈ S

/ ÁcÂ a_ Zhr_an_n dimL(pi) = dimS = k
\[ [�dZ[jn[ _ rj_ �[{Zjn_n [j

S
n[
pi
m f_ �r[ L(pi)

[\ h[j[g_n_ ]^g _ahlj {^j�rjd^ n[
k {_Y]^\ n[ �[{d^g[\

aZj[_aY[jd[ Zjn[][jnZ[jd[\m a^\ {r_a[\ ][gY_j[{[j aZj[_aY[jd[ Zjn[][jnZ[jd[
[j rj_ �[{Zjn_n n[

pi
Âo

�

�_\ {^jnZ{Z^j[\ ÁZÂ f ÁZZZÂ [j [a d[^g[Y_ _jd[gZ^g ]r[n[j g[\rad_g nZ�{Za[\ n[
{e[�r[_go �Zj [Yc_gh^m n_n_ rj_ {rg�_ _c\^ard_Y[jd[ {^jdZjr_ c : [0, 1] −→ X m
a_ \ZhrZ[jd[ {^jnZ{Z�j \r�{Z[jd[ ]_g_ C0

_]g^�ZY_{Z�j ]^g dg_f[{d^gZ_\m ]r[n[ \[g
Y�\ Y_j[�_ca[o

v��w `�Z\d[ rj_ �[{Zjn_n W n[ ZY_h[j n[
c
[j X d_a �r[ dimL(p) ={^j\d_jd[m

]_g_ p ∈W m f
∂c

∂s
(s) ∈ L(c(s))

¬©



]_g_ {_\Z d^n^ s ∈ [0, 1].

A6326;1 ´*>*

j1k å� fu � u ∈ U
æ� í�ç�� C∞

�}��}í�� ð��ñ
=⇒

ð�ñ� õçéç íêç��ê��é íêé�ç çì���ê�
�ç��}�� í�}��}êç c : [0, 1] −→ X.j-k å� Σ

�� ����õ��é���é��ì��� ��� íç�õ�� æ� ��í��é�� fu = f(·, u)� u ∈ U � ��}
ç}ç�ÿ��í�� � ��� í�}�é���� ��} í�}��ç}��� ç �é����� �}��}í�� ð��ñ

=⇒
ð��ñ� õçéç

íêç��ê��é íêé�ç çì���ê�ç��}�� í�}��}êç c : [0, 1] −→ X ó |� é��ê�é����}��
fu ∈ Cw õê�æ� ��é é���õ�ç�çæ� õ�é fu ∈ C∞ � TpOrb(p) = L(p)� õçéçíêç��ê��é p ∈C�c.

������éçí��}ó
j1k p[j[Y^\ �r[ ]g^c_g �r[ �Y

c
[\d� {^jd[jZn_ [j S = Orb(p0)

o �r]^j[Y^\ �r[
a^ {^jdg_gZ^ \[ {rY]a[ f \[_

s∗
[a Zj�Y^ n[

s ∈ [0, 1]m d_a �r[m c(s) j^ [\d�
[j S

o ¯[�jZY^\ p∗ := c(s∗)
o !_ �r[ c(s) ∈ S ]_g_ d^n^ s < s∗ m d[j[Y^\

p∗ ∈ cl(S)m ]^g {^jdZjrZn_n n[ a_ {rg�_o ¥^j\Zn[g[Y^\ rj_ �[{Zjn_n V n[
p∗

[j a_ {r_a dimL(p) ={^j\d_jd[= k
o `jd^j{[\ a_ nZ\dgZcr{Z�j p −→ L(p)[\ n[ nZY[j\Z�j {^j\d_jd[ \^cg[ V [ Zj�^ardZ�_ Á]r[\ L = Lie{fu}u∈U

[\ rj
�ah[cg_ n[ �Z[Âo X]aZ{_jn^ a_ �[g\Z�j n[a d[^g[Y_ a^{_a n[ g̈^c[jZr\ ]^n[Y^\
\r]^j[gm n[\]ri\ n[ rj {_YcZ^ n[ {^^gn[j_n_\m �r[ [j rj_ �[{Zjn_n V1n[

p∗
d[j[Y^\ L(p) = span{e1, ..., ek}

m n^jn[ ei n[j^d_ [a
i−i\ZY^ �[{d^g

{^^gn[j_n^o `\d^ ZY]aZ{_ �r[ a_
k−

\rc�_gZ[n_n n[
V1

n[�jZn_ ]^g {x ∈

V1 : xk+1 = p∗k+1, ..., xn = p∗n}
m {^j p∗i−{^^gn[j_n_\ n[ p∗ m [\d� {^jd[jZn_ [j

®gcÁp∗Â Á]^g [a d[^g[Y_ n[ ¥e^pz¹_\e[�\oZZ _]aZ{_n^ _a \Z\d[Y_ g[\dgZjhZn^
_
V1

Âo !_ �r[ a^\ �[{d^g[\ [j L(p)
dZ[j[j {^Y]^j[jd[ {[g^ _ a^ a_gh^ n[ a^\

ladZY^\ n − k �[{d^g[\m n[ a_ \r]^\Z{Z�j ∂

∂ui
∂c/∂s(s) ∈ L(c(s))

\[ \Zhr[
�r[ a_\ ladZY_\

n − k {^^gn[j_n_\ n[ a_ {rg�_ c \^j {^j\d_jd[\m Zhr_a _ a_\
{^^gn[j_n_\ n[ p∗ m ]_g_ s \r�{Z[jd[Y[Yjd[ {[g{_j^ _

s∗
o `\d^ ZY]aZ{_ �r[

c(s)
[\d� [j S = Orb(p∗) = Orb(p0)

m ]_g_ s ≥ s∗ {[g{_j^ _
s∗
o ½[g^ [\d^

{^jdg_nZ{[ jr[\dg_ n[�jZ{Z�j n[
s∗
/ _\�m ÁZ�Â ZY]aZ{_ ÁZÂo
¬«



j-k ¯[ a_ ]g^]^\Z{Z�j Á_Â \[ \Zhr[ �r[ ÁZ�Â ZY]aZ{_ ÁZÂ/ f ]^g a_ ]g^]^\Z{Z�j ÁcÂ n[a
d[^g[Y_ _jd[gZ^g d[j[Y^\ �r[m ÁZÂ ZY]aZ{_ ÁZZÂo �r[h^m ]^g dg_j\ZdZ�Zn_nm ÁZ�Â
ZY]aZ{_ ÁZZÂo

�

`a \ZhrZ[jd[ g[\rad_n^ Yr[\dg_ �r[m ]_g_ {r_a�rZ[g \Z\d[Y_ dZ[Y]^ g[�[g\Zca[m
_j_a�dZ{^m rj ]rjd^ p ∈ X

f rj �[{d^g n_n^ v ∈ L(p)m [�Z\d[ rj {^jdg^a {^j\d_jd[
�r[ ]g^nr{[ rj Y^�ZYZ[jd^ Zj�jZd[\ZY_a n[a [\d_n^ [j a_ nZg[{{Z�j v n[\n[

p.

A6326;1 ´*±* å� Σ
�� ����õ��é���é��ì�� � ��� íç�õ�� æ� ��í��é�� fu� u ∈ U �

��} æ�ë �é�}í�çì��� �}��}í��� õçéç íêç��ê��é p ∈ X � v ∈ L(p)� ������ ê}ç ëç����ç
��õçé����é� æ� í�}�é���� í�}��ç}��� ç �é���� uε(t)� �ç��� �ê�� õçéç �ç í�éé��õ�}�
æ��}�� �éç��í��é�ç xε(t) í���}�ç}æ� æ��æ� p ��}����

xε(T (ε)) = p+ εv +O(ε1+1/N),

õçéç ε > 0� æ�}æ� T (ε)
æ�õ�}æ� í�}��}êç��}�� æ�

ε � T (ε) −→ 0� �� ε −→ 0.

ôç í�}��ç}�� N �� �� ��}�é �}��é� k� �ç� �ê�� v �� ù�}�éçæ� õ�é ��� íç�õ�� æ�
��í��é�� fu � u ∈ U � � �ê� í�éíü���� æ� ô�� üç��ç �� �éæ�} T� ��ç�êçæ�� �}

p ó
½_g_ a_ n[Y^\dg_{Z�j \[ g[�rZ[g[j a_\ n^\ ]g^]^\Z{Z^j[\ \ZhrZ[jd[\o
�[_j Φ1

ε , ...,Φ
k
ε

q_YZaZ_\ n[ nZq[^Y^g�\Y^\ n[ X a_\ {r_a[\ \^j n[ {a_\[ Cr {^j
g[\][{d^ _

(x, ε)m r ≥ 1m f [\d�j n[�jZn^\ ]_g_ ε {[g{_j^ _
0.

�r]^jng[Y^\ �r[

Φ1
0 =

Zn
, ...,Φk

0 =
Zn
.

¯[
Φi

0 =
Zn \[ \Zhr[ �r[ ε −→ Φi

ε(p)
[\ rj_ {rg�_ Cr �r[ ]_\_ _ dg_�i\ n[

pm]_g_ {_n_ i f p ∈ X.
X\� ]^n[Y^\ n[�jZg

f1(p) =
∂Φ1

ε

∂ε
(p)

∣∣∣∣
ε=0

, ......, fk(p) =
∂Φk

ε

∂ε
(p)

∣∣∣∣
ε=0

,

n^jn[ f1, ...fk
\^j {_Y]^\ n[ �[{d^g[\ \^cg[ X n[ {a_\[ Cr−1

o
¬­



D23G3:()(K/ ´*́ * úçéç íêç����ê��éç í�}��ç}��� λ1, ..., λk ∈ R
��}����

∂

∂ε
Φ1
λ1ε

◦ ... ◦ Φk
λkε

(p)

∣∣∣∣
ε=0

= λ1f1(p) + ...+ λkfk(p).

������éçí��}ó ¯[�jZY^\ a_ qrj{Z�j h(ε) = f(s1(ε), ..., sk(ε)),
n^jn[

f(s1, ..., sk) = Φ1
s1
◦ ... ◦ Φk

sk
(p)

f
si(ε) = λiε.

`jd^j{[\m a_ Zhr_an_n f(0, ...si, ..,0) = Φi
si
(p)

f a_ g[ha_ n[ a_ {_n[j_
j^\ n_

d

dε
h(0) =

k∑

i=1

∂f

∂si
(0, ..., 0)λi =

k∑

i=1

λi
∂Φi

si

∂si
(p)

∣∣∣∣
si=0

= λ1f1(p) + ...+ λkfk(p),

a^ {r_a ]gr[c_ a_ ]g^]^\Z{Z�jo
�

¯_n^\ n^\ nZq[^Y^g�\Y^\ Φ
f

Ψ
n[

X m n[�jZY^\ \r è�}�ê�çæ�é {^Y^ [a
nZq[^Y^g�\Y^

[Φ,Ψ] = Φ−1 ◦ Ψ−1 ◦ Φ ◦ Ψ.

�Z
Θ

[\ ^dg^ nZq[^Y^g�\Y^ n[
X

f n[j^d_Y^\ X = [Φ,Ψ],
n[�jZY^\ [a {^jYrzd_n^g n[ d[g{[g ^gn[j {^Y^

[[Φ,Ψ],Θ] = X−1 ◦ Θ−1 ◦ X ◦ Θ = Ψ−1 ◦ Φ−1 ◦ Ψ ◦ Φ ◦ Θ−1 ◦ Φ−1 ◦ Ψ−1 ◦ Φ ◦ Ψ.

Xj�a^h_Y[jd[m \[ n[�j[j a^\ {^jYrd_n^g[\ n[ ^gn[j Y_f^g n[ nZq[^Y^g�\Y^\m fm
[j ]_gdZ{ra_gm a^\ {^jYrd_n^g[\ n[ jr[\dg_ q_YZaZ_ n[ nZq[^Y^g�\Y^\ Φ1

ε , ...,Φ
k
ε .

D23G3:()(K/ ´*¸* å� Φi
ε
��} æ� í�ç��Cr í�} é��õ�í�� ç

(x, ε) � r ≥ k+1,
�}��}í��

(
∂

∂ε

)j
[...[Φ1

ε ,Φ
2
ε ], ...,Φ

k
ε ](p)

∣∣∣∣∣
ε=0

= 0, para 1 ≤ j < k,

�
(
∂

∂ε

)k
[...[Φ1

ε ,Φ
2
ε ], ...,Φ

k
ε ](p)

∣∣∣∣∣
ε=0

= k![fk, ..., [f2, f1]...](p),

æ�}æ� ��� í�}�ê�çæ�é�� æ� ��� íç�õ�� æ� ��í��é�� f1, ..., fk
��} æ� í�ç�� Cr−k.

¬¬



������éçí��}ó ¯[�jZY^\ a_ qrj{Z�j h(ε) = f(s1(ε), ..., sk(ε)),
n^jn[

f(s1, ..., sk) = [...[Φ1
s1
,Φ2

s2
], ...,Φk

sk
](p)

f
si(ε) = ε.

`jd^j{[\m a_ g[ha_ n[ a_ {_n[j_ j^\ n_
(
d

dε

)j
h(0) =

∑

j1+...+jk

j!

∂j1!...jk!

(
∂

∂s1

)j1
...

(
∂

∂sk

)jk
f(0, ..., 0).

!_ �r[ [a {^jYrd_n^g Zd[g_n^ [\ Zhr_a _ a_ Zn[jdZn_n \Z rj^ n[ a^\ nZq[^Y^g�\Y^\
Φi
si

[\ a_ Zn[jdZn_nm {r_a�rZ[g digYZj^ [j a_ \rY_d^gZ_ n[ a_ [{r_{Z�j _jd[gZ^g [\
Zhr_a _ {[g^ \Z

ji = 0m ]_g_ _ahlj io `\d^ ZY]aZ{_ �r[ a_ n[gZ�_n_ [\ Zhr_a _ {[g^ \Z
j < k m a^ {r_a ]gr[c_ a_ ]gZY[g_ Zhr_an_n [j a_ ]g^]^\Z{Z�jo

�Z
j < k

[jd^j{[\ \^a^ rj digYZj^ {^j ji 6= 0m ]_g_ d^n^ im ]r[n[ \[g nZ\dZjd^
n[ {[g^ f ^cd[j[Y^\

dk

dεk
h(0) = k!

∂

∂s1

...
∂

∂sk
f(0, ..., 0)

= k!
∂

∂s1

...
∂

∂sk
[...[Φ1

s1
,Φ2

s2
], ...,Φk

sk
](p)
∣∣
s1=...=sk=0

.

�_ \[hrjn_ Zhr_an_n cr\{_n_m [\ {^j\[{r[j{Z_ ZjY[nZ_d_ n[ a_ \ZhrZ[jd[ ]g^]^\Zz
{Z�j Án[j^d_g[Y^\ Φ∗f = AdΦf

m �[g {_]�dra^ ¤Âo
�

D23G3:()(K/ ´*"*
∂

∂sk
...

∂

∂s1

[...[Φ1
s1
,Φ2

s2
], ...,Φk

sk
](p)
∣∣
s1=...=sk=0

=

∂

∂sk
...

∂

∂s2

((Φk
sk

)−1
∗ ...(Φ2

s2
)−1
∗ f1)(p)

∣∣
s2=...=sk=0

= [fk, ..., [f2, f1]...](p).

¬ª



������éçí��}ó ½_g_ ]g^c_g a_ ]gZY[g_ Zhr_an_n r\_Y^\ Zjnr{{Z�j {^j g[\][{d^ _
k
o ¯[j^d_Y^\ Ψs̄ := [...[Φ1

s1
,Φ2

s2
], ...,Φk−1

sk−1
]m n^jn[ s̄ = (s1, ..., sk−1).

`jd^j{[\m [j
s1 = ... = sk = 0m

∂

∂sk
...

∂

∂s1

[Ψs̄,Φ
k
sk

](p) =
∂

∂sk
...

∂

∂s1

(Ψs̄)
−1 ◦ (Φk

sk
)−1 ◦ Ψs̄ ◦ Φk

sk
(p)

=
∂

∂sk
...

∂

∂s1

(Φk
sk

)−1 ◦ Ψs̄ ◦ Φk
sk

(p).

=
∂

∂sk
...

∂

∂s2

((Φk
sk

)−1
∗

∂

∂s1

Ψs̄)(p),

n^jn[ a_ [{r_{Z�j Zjd[gY[nZ_ \[ \Zhr[ n[a e[{e^ n[ �r[ Ψs̄|s1=0 = id
/ _\�m nZq[g[jz

{Z_jn^ {^j g[\][{d^ _
s1

�r[ _]_g[{[ [j (Ψs̄)
−1,

n_ rj digYZj^ Zjn[][jnZ[jd[ n[
sk

f \r n[gZ�_n_ ∂/∂sk n[ _jra_o �_\ n[gZ�_n_\ ∂/∂si m i = 2, .., k − 1m {^jYrd_j
{^j (Φk

sk
)−1
∗

m ]^g d_jd^m a_ Zhr_an_n g[�r[gZn_ \[ \Zhr[ n[ a_ q�gYra_ Zjnr{dZ�_m [j
s1 = ... = sk−1 = 0m

∂/∂sk−1...∂/∂s1Ψs̄(p) = ∂/∂sk−1...∂/∂s2((Φ
k−1
sk−1

)−1
∗ ...(Φ2

s2
)−1
∗ f1)(p).

�_ \[hrjn_ Zhr_an_n \[ \Zhr[ ]^g Zjnr{{Z�j n[ a_ q�gYra_
∂

∂sm
((Φk

sk
)−1
∗ ...(Φm

sm
)−1
∗ [fm−1, ..., [f2, f1]...])(p)

∣∣
sm=0

= ((Φk
sk

)−1
∗ ...(Φm+1

sm+1
)−1
∗ [fm, ..., [f2, f1]...])(p),

a_ {r_a [\ {^j\[{r[j{Z_ n[
(∂/∂s)(Φm

s )−1
∗ g = [fm, g]

Ár\_jn^ a_ n[�jZ{Z�j ¤o¶Â
�

F-:62�1)(K/ ¡±*
������� �ê�ý
çñ ôç ë�é�ê�ç æ� �ç õé�õ���í��} qóq õê�æ� ��é ��ê��ç��}����}�� ��íé��ç æ� �ç

ë �é�ç
Φ1
λ1ε

◦ ... ◦ Φk
λkε

(p) = p+ εV (p) +O(ε2),

¬¶



æ�}æ�
V (p) = λ1f1(p) + ...+ λkfk(p).

|��� ��ù}�ûíç �ê� �ç í��õ���í��} æ� �ç��� æ�ë ����éû���� æç �������}��� �}�
û}������ç��� ç �� �çéù� æ� ��� ��í��é�� λ1f1(p) + ...+ λkfk(p).

ìñ ôç ë�é�ê�ç æ� �ç õé�õ���í��} qóx �� ��ê��ç��}�� ç �ç ë�é�ê�ç æ� 
ç���é
[...[Φ1

ε ,Φ
2
ε ], ...,Φ

k
ε ](p) = p+ εkV (p) +O(εk+1),

�� æ��õêM� æ� ê}ç é�õçéç���é��çí��}�

[...[Φ1
ε1/k ,Φ

2
ε1/k ], ...,Φ

k
ε ](p) = p+ εkV (p) +O(ε1+1/k),

æ�}æ�

V (p) = [fk, ..., [f2, f1]...](p).

|��� ��ù}�ûíç �ê� �ç í�}�ê�çæ�é æ� �ç��� æ�ë ����éû���� æç �������}��� �}�
û}������ç��� ç �� �çéù� æ� ��� ��í��é�� [fk, ..., [f2, f1]...](p).

X {^jdZjr_{Z�j ]g[\[jd_Y^\ a[ n[Y^\dg_{Z�j n[a d[^g[Y_ «o©o

������éçí��}ó !_ �r[ v ∈ L(p)
n^jn[ L = Lie{fu}u∈U

m ]^n[Y^\ [\{gZcZg
v = λ1v1 + ...+ λrvr,

n^jn[ vi = Vi(p)
m f a^\ Vi \^j _ahrj^\ n[ a^\ {_Y]^\ n[ �[{d^g[\ fu m u ∈ U m f

\r\ {^g{e[d[\ Zd[g_n^\o ¥^Y^ {r_a�rZ[g {^g{e[d[ n[ �Z[ [\ Zhr_a _ rj_ {^YcZj_{Z�j
aZj[_a n[ {^g{e[d[\ n[ �Z[ Zd[g_n^\ Zb�rZ[gn^\ Á]^g a_ ]g^]^\Z{Z�j ¤o¤-Â n[\]ri\m
Y[nZ_jd[ rj g[_gg[ha^ [j a_ \rY_ _jd[gZ^g ]^n[Y^\ \r]^j[g �r[

Vi = [fui
k(i)
, ..., [fui

2
, fui

1
]...]

¬³



]_g_ i = 1, ..., r.
¯[�jZY^\ a_ q_YZaZ_ n[ nZq[^Y^g�\Y^\ {^Y^ {^jYrd_n^g[\ Zd[g_zn^\ n[ a^\ ¾r�^\m
Φi
ε := [...[

[�](εfui
1
),
[�](εfui

2
)], ...,

[�](εfui
k(i)

)].

Xn[Y�\m n[�j_Y^\
y(ε) = Φ1

λ1ε1/k(1) ◦ ... ◦ Φr
λ1ε1/k(r)(p).

p^Y_jn^ a_ n[gZ�_n_ dy/dε [j ε = 0
f r\_jn^ a_\ ]g^]^\Z{Z^j[\ «o« f «o­ f a_

n[�jZ{Z�j n[
Φi
ε
^cd[j[Y^\ a_ q�gYra_

dy

dε
(0) = λ1V1(p) + ...+ λrVr(p).

¹[\d_ ]g^c_g �r[ [j a_ {^j\dgr{{Z�j _jd[gZ^g n[ a_ q_YZaZ_ ¤z]_g�Y[dg^ n[ ]rjzd^\ y(ε) ]^n[Y^\ r\_g {Z[gd_\ dg_f[{d^gZ_\ dZ[Y]^ze_{Z_ _n[a_jd[ n[a \Z\d[Y_
Σ.

Ð^d[Y^\ �r[ a^\ {^[�{Z[jd[\ λ1, ..., λr
[j a_ {^YcZj_{Z�j aZj[_a n_n_ ]^g v]r[n[j \[g d^Y_n^\ ]^\ZdZ�^\o `j [q[{d^m \Z λi [\ j[h_dZ�^ [jd^j{[\ ]^n[Y^\ {_YzcZ_g [a ^gn[j n[ a^\ {_Y]^\ n[ �[{d^g[\ fui
1

f
fui

2

f ]^g d_jd^ Vi f λi
{_YcZ_j

n[ \Zhj^\o `j a_ n[�jZ{Z�j n[a nZq[^Y^g�\Y^ Φi
ε

r\_Y^\ {^jYrd_n^g[\ n[ ¾r�^\m
n^jn[ _]aZ{_Y^\ a^\ ¾r�^\ [�](−εfu)m {^j ε > 0

o ½^n[Y^\ g[[Y]a_b_g d_a[\ dg_j\zq^gY_{Z^j[\ ]^g PY^�ZYZ[jd^\ dZ[Y]^ze_{Z_ _n[a_jd[P]^g r\_g [a {^jdg^a v = v(u)n_n^ ]^g a_ n[�jZ{Z�j n[ \Z\d[Y_ dZ[Y]^ g[�[g\Zca[ Á\Z a_ qrj{Z�j λ(x, u)
[j [\d_

n[�jZ{Z�j j^ [\ {^j\d_jd[m a_ ]^g{Z�j n[ dZ[Y]^ j[{[\_gZ^ ]_g_ ^cd[j[g [a [�rZz
�_a[jd[ n[ a_ dg_j\q^gY_{Z�j [�](−εfu) �_g�_ {^j a_\ dg_f[{d^gZ_\Âo `j [\d_ q^gY_
]^n[Y^\ g[[Y]a_b_g d^n^\ a^\ ]_\^\ dZ[Y]^ze_{Z_ _dg�\m ]^g ]_\^\ dZ[Y]^ze_{Z__n[a_jd[o `\d^ n[Yr[\dg_ a_ q�gYra_ ]gZj{Z]_a n[a d[^g[Y_o �^ n[Y�\ \[ \Zhr[ n[
jr[\dg_ {^j\dgr{{Z�j n[ a_ ]gr[c_o

�

ª-
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