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Regularized Evolution Operatorsand Applications
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Abstract: In this paper we introduce the notion of and give some results on regularized evolution operators,
extending the definition of regularized quasisemigroups of bounded linear operators. Some applications of this
theory are also discussed.
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1. INTRODUCTION

The theory of quasisemigroups of bounded linear operators was introduced in 1991 [1] as a generalization
of strongly continuous semigroups of bounded linear operators. This notion with its elementary properties
and some applications in abstract evolution equations are studied in [2, 6, 7, 8]. The dual quasisemigroups
and the controllability of evolution equations are also discussed in [3].

Given a Banach space Z, we denote with L(Z) the space of all bounded linear operators from Z to Z.
A bi-parametric family of bounded linear operators {K(t, s)} O L(2) is called commutative if it satisfies:

1,520

K(r, t+s) =K(r +t, s) K(r, t) = K(r, t) K(r +t, s).

A commutative family {K(t, s)} is called strongly continuous quasisemigroups if it satisfies:

(i) K(t,0)=1(t=0) (Iisthe iae_ntity operator in L(2)).
(i) K(r,t+5s)=K(r+t,s) K(r,t) (r,s,t=0).

(i) Jim K (9)2 = K(t,50)2 [l =0 @, 0 2).

- (t,

(iv) There exists a continuous and increasing function M : [0, ) - [1, ) such that ||K (t, s)|| < M(t + s) for
every.

We also introduce the notion of a generator A(t) of strongly continuous quasisemigroups. These two
notions generalize those of strongly continuous semigroups and infinitesimal generators. See [2].

Regularized semigroups and their connection with abstract Cauchy problems are introduced in [10],
and have been studied in several articles, including [11, 15, 16, 17, 18]. This notion states the following:
If C O L(Z) is an injective operator, then a one-parameter family of bounded linear operators {T(t)},,, U L(2)
is called a C-semigroup if it satisfies the following properties:

1. T(t) is strongly continuous, i.e, for each fixed x 0 Z, t - T(t)x is continuous.
2. T(t+s)C=T()T(s), Us,t=0
3. T(0)=C.
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The linear operators A defined by

T(t)-Cx

D(A) = Ex 0Z:Clim exists and lies in R(C)@
to

for x [0 D(A)

and AQt) = c-lliquT(t)’i—_CX
t-

is the infinitessimal generator of the C-semigroup T(t) where D(A) is the domin of A.

The notion of regularized quasisemigroups of linear operators is introduced in [12], as an extension
of the definition of C-Semigroup given above. Such notion is given as follows: Suppose C is an injective
bounded linear operator on Banach space Z. A commutative bi-parametric family of bounded linear
operators {K(t, s)},,., U L(2) is called a regularized quasisemigroups (or C-quasisemigroups) if it satisfises,

(i) K, 0=C(t=0).
(i) CK(r,t+s)=K (r+t,s) K(r,t) (r, s, t=0).

(iii) ( lim )|| K(t,s)z, = K(t,,5,)Z, || =0 (z, UZ) That is, {K(t, s)}

t,8) - (to,So

is strongly continuous.

t,s=0’

(iv) There exists a continuous and increasing function M : [0, ©) — [1, o) such that ||K(t, s)|| < M(t + )
for every s, t = 0.

Let K(t, s) be a C-quasisemigroup and let D be the dense subspace of Banach space Z, such that for all
z, 0 D there exist the limits in the range of C:

lim K(t,s)z, —Cz, - lim K(t,-s,s)z, -C
' S s-0° S

% 150, Iing_K(O’ S)io -Gz,

s-0

The family of operators A(t), t = 0, with common domain D, defined by

C*lim

s-0"

% (2, OD),

K(t, $)z. —C
A(t)x, K(t.9)z, ~Czy S)zo

is called the generator of the regularized quasisemigroup K(t, s).

In order to motivate our work, we observe that given a quasisemigroup, one may (according to
definition 2.3) associate to it an evolution operator defined by

U(t, s) = K(t, t - s),

but not the other way around since in general an evolution operator U(t, s) is not a commutative family.
This observation and the foregoing theory of regularized quasisemigroups allows as to introduce and
study the notion of regularized evolution operators, and we generalize Lemma 3.1 from [5].

Finally, as an application, we will be interested in the abstract Cauchy problem defined on a Banach
space Z,

B’ (t) = A(t)z(t) +C*f(t),0< s <t <oo

Hz(s) =C’z, OZ, (1.1)

where z : [0, o) - Z, A(t) is a family of unbounded linear operators in Z with domain D(A(t)) = D,

independent of t, such that A(Dz O C (k. Z) for each z 0, D, f: [0, T] - Z is suitable function and C is an
injective linear operator in Z.
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As an example of this problem we study the following system of reaction diffusion equations:

Da“gt’ X) — DAL, x) + B, x) + C2 £ (t, X),t >0,u CIR"

E‘%zo,wo, x,0 0Q (1.2)
0

Eu(o, x) = C%(x), x 0Q,

0

where Q is a bounded domain in k" (N = 1), a,{ e L2(0), with a(x) >0, OxOQand Disan n x n
matrix whose eigenvalues are semisimple with non negative real part or strictly positiveand f: kK xQ - K"
is a smooth function. We assume that the operator B 0P, [0,);(Z)):

{B/{zl, B()k, ) is measurablez,,z, 0Z and (ess sup ) || B(t) ||-,, < oo}

0 <t<co

with Z = L2(Q) and C : L%(Q) — L*Q) is the linear operator given by (C s )(x) = a(X) ¢ (x).

2. EVOLUTION OPERATORS
In this section we are interested in the classical abstract Cauchy problem defined on a Banach space Z,

[z'(t) = A(t)z(t),0<s<t<o

Eg(s) =z,02Z, (2.1)

where z : [0, ©) — Z, A(t) is a family of unbounded linear operators in Z with domain D(A(t)) = D,
independent of t, such that A(Dz O (K*, Z) for each z O, D.

Definition 2.1: (see [14]) An operator-valued function U(t, s) [0, £ (Z) which is strongly continuous
jointly int, s for 0 £ s <t < o, is called fundamental solution of (2.1) if

AU (t,s)z

1. For all z 0O, D the partial derivative exists in the strong topology of Z and it is strongly

continuous in (t,s) for0 < s <t < oo,
2. Forall z O, D, U(t, s)z O D.
o0U(t,s)z
ot

Proposition 2.2: The operator-valued function U(t, s) given by the foregoing definition satisfies the
following properties:

3. ForallzO, D, = A(t) U(t,s)z,0<s<t<oand U(s, s) = I.

t
U(tl S)ZO = ZO +IS A(T}lJ{T.\']:,,(fT. mZO DD’ (22)

U kUKs), ~UKs), . U(rkU(ks), —U(ks),
lim lim 0 = limlim 0 0

2.3
rot kot” r-k kot rott r—-k ( )
The above calculation motivates the following definitions.

Definition 2.3: A two-parameter family of bounded linear operators U(t, s) O £(Z),0<s<t<oo see [9]
is called an evolution operator if the following conditions are satisfied:

1. U(s,s)=land U(t, r) U(r,s) = U(t,s) for 0 s <t < oo,
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2. (t,s) - U(t, s) is strongly continuous for 0 £ s <t < oo,

3. There exists a real valued continuous nonnegative function g(t, s) with |JU(t, s)|| < g(t, s) for all
0 €s<t< oo

Proposition 2.4: Given a quasisemigroups K(t, s) the evolution operator defined by
u(t, s)z, =K(t, t-s)z, Oz, 0D, t>s

01
satisfies:

_ U((r,ku(k,s), —U(k,s), . U(r,kU(k,s), —U(k,s),
lim : : lim lim 2 0
rott kot r—-k kot rott r—-k
Proof: In fact,

U(r.k)U(k,s), —U(k,S), K(r,r—k)K (k,k=s), —K(k,k-s),

= limlim

r-t k-t r-k rott kot r-k
= tlimlim K (t,t ) SO TRZ0 7 20) iy g ¢ — ) (R 207 = 2)
r-t k-t r—k rott r—t
(K(t+h,h)z,-z,)

hlir(r)l K(t,t-s) = K(t, t - s) A(t)z, = U(t, s) A(t)z,,

h
and

u(r,k)U(k,s)z, —U(k,s)z, — lim lim K(r,r —k)K(k,k =s)z, —K(k,k =s)z,

m li

limlim

-t et r-k et Tt r—k
= |I<im |im K(k,k —S) (K(r,r _kfo _Zo) — lim, K(k,k —S) (K(t,t —k)kZO —ZO)
St rot - ot _

(K(t,h)zo _Zo)
h
Motivated by Propositions 2.2 and 2.4 we define the following important subspace:

Definition 2.5: We define the subspace D consisting of all z O Z such that the following limits

tim 1im S KUK S)z-Uks)z _ . UKUs)z=U k,s)z
Tt ket r—k kot™ rott r—k

r!"{} K(t—-h,t=h-5) = K(t, t—s) A(t) = U (t, s) A(t) z,.

existforall 0 < s <t < oo,

Remark 2.6: For all z 0 D and t = 0 the following limits exists

. U(t+ht)z- . -

m (t+ht)z—z _ lim u(r,t)z-z
h-0* h rott r—t

In fact, since z belongs to D we have the existence of the limits

limlim SCRUK)z-UK )z _ - U KUK, 5)z-U(K,5)2
ke r—k aithl =

forall 0 s <t<oo. Then if we put s =t and make a change of variable, we get

lim Ut+ht)z-z — lim U(r,t)z-z
h-0* h rott r—t
Now, we shall give a definition of generator of an evolution operator, which is similar to the one
given in [13] pg 1902.
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Definition 2.7: The generator A(t) of an evolution operator U(t, s), 0 £ s <t < o is defined as follows:

Az = lim SFNDZ=2
h-0* h

,0z0D, 0<t<oo,
Thus, we get that D(A(t)) = D

3. REGULARIZED EVOLUTION OPERATORS
In this section we are interested in the generalized abstract Cauchy problem defined on a Banach space Z,
EZ'(t) = At)z(t),0<s<t<ow
%(s) =C?z, 0Z, 31
where z : [0, ) - Z, A(t) is a family of unbounded linear operators in Z with domain D(A(t)) = D
independent of t, such that A(Qz O, C (IR*, Z) for each z O, D and C is a bounded linear operator in Z.

Definition 3.1: Suppose C is an injective bounded linear operator on the Banach space Z. A

two-parameter family of bounded linear operators U(t,s) 0 £(Z),0<s<t<oo, is called regularized evolution
operator (or C-Evolution Operator) if the following conditions are satisfied:

1. U(s,s)=Cand CU(t, s) = U(t, r) U(r,s) for0 < s <t < o,
2. (t,s) - U(t, s) is strongly continuous for 0 £ s <t < oo,

3. There exists a real valued continuous nonnegative function g(t, s) with ||U(t, s) < g(t, s) for all
0<ss<t<oo,

Definition 3.2: We define the subspace D consisting of all z [0 Z such that the following limits

U(r,k)U(k,s)z-CU(k,s)z
r-k

IimlimU(r,k)U(k,s)z—CU(k,s)z lim '“?

rot kot” r—k k-
exist forall 0 < s <t < oo,
Remark 3.3: For all z 0 D and we have the existence of this limits
lim U(t+ht)z-Cz — lim U(r,t)z-Cz
h-0* h h-t* r—t
In fact, since z belongs to D we have the existence of the limits

lim lim 2KV K $)2 =CUKS)Z _ i i YU 5)2 =CU K 5)z2
kot kot™ r_k Ko r—k

im
-t*

Then, if we put s = t and make a change of variable, we get
lim Ut+ht)z-Cz _ lim U(r,t)z-Cz
h-0* h rott r—t
Definition 3.4: The generator A(t) of a regularized evolution operator U(t, s), 0 < s <t < o is defined
as follows:

+ —_—
i YEHNYZZCZ 1y op g t<oo,

Ai)z=C

So, we get that D(A(t)) = D
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Lemma 3.5: Let U(t, s), 0 < s <t < o be a regularized evolution operator on Z and C is an injective
bounded linear operator on Banach space Z, such that, U(t, s) Cz,CU(t, s) z O D for all z O D, furthermore
CU(t, s) = U(t, s)C and CtU(t, s) = U(t, s) C. Then for all z O D we have that

%U(t,s)Cz = A(t)U(t, s) Cz

and %U (t,s)Cz =-A(s) U(t, s) Cz.
%C*U(t,s)z = CA(t) U(t, s)z
and %C'lu (t,s)z=-C* A(s) U(t, s)z

Proof: If z O D, the from the hypothesis we have that U(t, s)Cz, C* U(t, s) z O D,

— _1 —
IimU(t+h,s)Cz U(t,s)Cz _ IimC CU(t+h,s)Cz-U(t,s)Cz

h-0* h h-0* h
lim u(t +h,t)Uu(t,s) Cz—-CU(t,s)Cz

=C™*li
h-0 h

Since U(t, s) Cz O D, we obtain that

lim U(t+h,t)U(t,s)Cz —U(t,s)Cz

lin - = A(DU(t,s)Cz.

Now, suppose t > s and h = 0 is small enough such that t — h = s. Then

U(t,s)Cz-U(t-h,s)Cz

li = lim

im U(t-h,s)Cz-U(t,s)Cz

h-0 -h h-o* h
_ i CTCUGS)CZ Ut~ h,5)C2
" oheot h
- lim CU(t,t—h)U(t—h,s)Cz-U(t-h,s)Cz
T oheor h
- lim C'U(t,k)U(k,s)Cz -U(k,s)Cz
st t-k
_l _

_ Iinllinlc U(r,k)U(kr,s)kCz U(k,s)Cz

r-t" k-t -

- lim CU(r,t)U(t,s)Cz -U(t,s)Cz
rott r—t

T U(t+h,t)U(t,s)Cz —CU(t,s)Cz
h-0* h

= A(t) U(t, s) Cz.
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So, %U(t,s)Cz =A(t) U(t,s) Czfor0 <s<t< oo,
Again, suppose that t > s and h = 0 is small enough such that s + h < t. Then

[U(t,s+h)Cz-U(t,s)Cz
I h

+U(t,s)A(s)Cz

- H_ E:‘lCU (t,S)CZh—U (tLs+NCz _ ~any, (t,S)A(S)CZ%

_ H_éc*ua,s +h)U(s + r;;s)Cz “USHNCT o o muge + h,S)A(S)CZ%

= H—U(t,s+h) §-1U(5+h’s)cz_c(cz) —C‘1U(s+h,s)A(s)Cz%

h

< g(t,s+ h)”gl_l PENSIC27CC7) -y, (s+ h,S)A(S)Cz%

h

Since ¢! lim Y6* h’s)r?z —C(€2) - A(s) cz, and
h-0*

ct I!irRU (s+h,s)A(s)Cz = C'CA(s)Cz = A(s)Cz,

we obtain that

lim U(t,s +h)Cz -U(t,s)Cz

=U(t, s) A(s) Cz

h-0* h
Similarly,
U(t,s—h)Cz-U(t,s)Cz _ U(t,s)Cz—-U(t,s—h)Cz
-h h
_ U(t,s)Cz-C'CU(t,s —h)Cz
h
_ U(t,s)Cz-CU(t,5)U(s,s —h)Cz
h
- ¢t (t,s)U(s,s—h)Cz-CU(t,s)Cz
h
- CTW(Ls) WU(s,s-h)Cz-C(Cz)C
5 h
We also have
"mU(t,s—h)Cz—U(t,s)Cz - _U(t.5)c* Him U(s,s-h)Cz-C(Cz)C

h-0 -h -0 h
=-U(t, s) A(s)z.

so that % =-U(t,s)A(s)Cz for 0 < s <t < o Now,
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lim CU(t+h,s)z-CU(t,s)z _ lim c'c'CU(t+h,s)z-C'U(t,s)z
h-0* h oo h
_1 _
- caim CU(t+h,HU(t,s)z -U(t,5)z
h
_c- g‘:_lu n U(t+h,t)U(t,s)z—CU(t,s)zD

= C'A(DU(t,9)z.
Now, suppose t > s and h = 0 is small enough such that t — h = s. Then

CU(t-hs)z-CU(ts)z _ c C'CU(t,s)z-U(t—h,s)z

lim 1 0im
h-0* -h h-0* h
_ C'lgt'lﬂim U(t,t-h)U(t-h,s)z-CU(t-s,s)z0
h_o* h E
. %_HlmU(t,k)U(k,:)_zk—CU(k,s)z[

_ ¢t %_1 l[i"l lim U(r,k)U (k,rs)zk—CU(k,s)z C
StTrot -

_ ¢ _1"m’(imU(r,k)U(k,rs)zk—CU(k,s)z[
r-t k-t -

_ ¢t %_1 lim U(r,t)U(t,s)z—CU(t,s)zC
' r—t

_ B im U(t+ht)U(t,s)z-CU(t,s)zC
h-0* h E

= CTA(tU(t,9)z.

So,

,![T C'llJ(t—h,s)_zh—C'llJ(t,s)z - CIABU(LS)Z.
Therefore, %C*U(t,s) = CTA()U(t,s)z.
Analogously

CU(ts-hz-CU(ts)z _ o [U(t,s)z—C'U(t,s)U(t,s—h)zC
-h h

—-C

L LCU(,s)U(s,s—h)z-U(t,s)zC
d h E

_c 1% U, S)ELJ(S S :)z Cz%
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We also have C ™ lim %U (5.8 —hh)z —Cz §= U (t,s)A(s)z. And we obtain

h-o*

_1 _ _ -
lim C'U(t,s-h)z-CU(t,s)z
h-o* -h
Again, suppose that t > s and h = 0 is small enough such that s + h < t. Then

= —CU(t,s)A(s)z.

+CU(t,5)A(s)z

lcu(t,s+h)z-CU(t,9)z
I h

_ Hc_l [U(t,s+h)z-CU(t,s +h)U(s,s +h)z

n +C'1U(t,s+h)U(s+h,s)A(s)Cz%

éC*U(s +h,s)z-z2

n —C'lU(s+h,s)A(s)z%

= H—C'l{U (t,s+h)

IN

ICT U s+h)ll ~C7U(s+h,s)A(s)Cz

||C'1U(s,s +h)z-z
I

CU(s,s+h)z-z
Mg(t,s+h)” ( . ) -

IN

C'U(s+h,s)A(s)z

4 U(s,s+h)z-Cz
Mg(t,s +h)||IC™* -
9( )H g N

CU(s+h,s)A(s)z %
Since

C7lli

h-0*

- U(S,S+r:1)z ~CZ _ As) and C*limU(s+h,s)As)z
~0*

we obtain

-1 _r-l
IimC U(t,s+h)z-C U(t,s)z:

-CU(t,9)A(s)z.
h-0* h

Therefore %C*U(t,s)z = —CA(s)U(t,s)z.

Proposition 3.6: The C-evolution operator U(t, s) given by the foregoing definition satisfies the
following properties:
u(t, s)z, = Cz, +'Lt AV (r.5)zar. ¥Zo OD. (3.2)

Theorem 3.7: Let U(t, s), 0 = s =t < o be a regularized evolution operator on Z satisfying the
condition Lemma 3.5 and C is an injective bounded linear operator on Banach space Z and let A(t) its
generator with domain D. Then the Cauchy problem

') =AMzt t=s,

%(S) =C?%z,,2, 0Z. (3.3)

has the unique solution the function
z(t) = U(t, s)Cz,.
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Proof: From Lemma 3.5 we get that z(t) = U(t, s)Cz, is one solution of the Cauchy problem (3.3).
Now, to prove uniqueness, we will suppose that y(t) is another solution of the problem, then w(t) = z(t) — y(t)
satisfies the differential equation

(jj—\iv = A(w(), t=s;w(s) =0

and so we need to show that w(t) = 0. For this, let us define F(u) = U(t, u) Cw(u), 0 <u =s <t. Then
F'(u) = iU(t,u) Cw(u) +U(t,u)C iw(u)
ou du

= —AWU(t,u) C w(u) +U(t,u)C A(u)w(u)
=0.
Therefore, F(u) = U(t, u) Cw(u) = ¢ (constant). In particular, if we put u = s, we have that F(s) = U(t, s)
Cw(s) = 0. Now, from the strongly continuity of U(t, s) we get that F(t) = !lrp F(s) = ilrp U(t,s) Cw(s)=0. So,

Ft)=0 O Ut t)Cw(t)=00 Cw(t)=0
Now, injectivity of C implies that w(t) = 0, we conclude that

z(t) = w(t)
which proves the uniqueness of the solution

Proposition 3.8: Let U(t, s), 0 < s <t < o be regularized evolution operator on Z and C O L(Z) injective
with A(t) its generator closed on D. If f: [0, T] - Z is continuous, then

Ihipg% f“U(u,s)Cf (u)du = U(t, s) Cf () (3.4)

lim % LS+hU(t,u)Cf (U)du= U(t, s) Cf (s). (3.5)

Proof: We prove (3.4), the proof of (3.5) is similar. s, t = 0. We define the following function
¢ (t) = U(t, s) Cf(t).

¢ is clearly continuous in s. Hences

F(e):JIH'q)(u)du (€>0
is well defined. Now,

_FO+h)-F(© _

I 1
-0 h h

. t+h
|hl mﬁﬁ ¢(u)du, (h >0

F'(0) =

and for each ¢>0we have
F'(e)= dirhq)(u)du =¢(t+e)=U(t+e¢,5)Cf(t+¢€)
t:. T

Putting € >0,
F'(0) = U(t, s) Cf (t).

. 1 t+h
Therefore, LI[TJ FJ’t ¢ (u)du = U(t, s) Cf (t).
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Proposition 3.9: Let U(t, s), 0 < s <t < o be a regularized evolution operator commutative on Z and
C 0 L(2) injective with A(t) its generator closed on D. If f: [0, T] — Z is continuous then function. If {x }
is a sequence in D such that x - x and A(t)x converges uniformly to f(t) in [0, T], then for each we have
that A(r)z = f(r).

Proof: Let be r O [0, t], and s > 0. By definition,

U(r+h,r)x, —Cx,
» :

A(rx, =C* Iirgl

Passing to the limitas n — o A(r)x. — A(r)x. Now, from the uniform convergence and the Proposition
3.6,

U(r +s, rx — Cx

limU(r +s,r)x, —Cx,)

I imJ{15 ATDU(T,r)x dt

lim IHSU(T,.?‘}A(T)XHJT

lim [ U(r. A, dr

= JfSU(T- nf(Tdr

Dividing by s > 0,

U(r+srx—-Cx 1+ .
( S) = ;J: U, r) f(T)dT,
Consider C = 1 in the Proposition 3.8 and taking limits as s — 0*

U(r+s,r)x —Cx
S

A(X = C'llirgl
O L .
= C é[rgjgj: U(T,f‘)f(‘r)de
= (r).

Theorem 3.10: Let U(t, s), 0 < s <t < o be a regularized evolution operator on Z and C O L(2)
injective with A(t) its generator closed on D. If f: [0, T] — D is a continuously differentiable function and

L‘U(r,u)c f (u) du OD.

Consider the non-homogeneous Cauchy problem,

B'(t) = AM)z(t) +C*f (1), t =55,

, (3.6)
[2(s) =Cz,,z,0Z,0<s<t.
Then (3.6) admits as unique solution the function
2(t) = U(6:5)Cz, + [ U(La)C f(a)da. (3.7)
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Proof: For the existence of the solution it is enough to prove that the function z(t) in (3.7) has strong
derivative and satisfies the equation (3.6). Clearly z(s) = C?z,. On the other hand, the function y(t) = U(t, s)Cz,
is a solution of the initial value problem (3.3).

So we need prove that
L‘U(t,a)Cf (o)da,
satisfies the initial value problem (3.6). Indeed, let us define the function

g(t) = L‘U(t,a)c:f (o) da

Since U(t, s) is strongly continuous evolution operator and f(QJis continuous, the above integral exists.
Let h # 0 and consider the following quotient

glt+h)-g(t) _ 1

h : (th(t +h,0)Cf (a)da —I:U(t,a)cf (a)dq)

) %(I:(U(“hia)-u(t,a)Cf (a)da) +%I:U(t+h,a)Cf (a)dar.
But
Liﬂg%(ﬁ(u(t +h,a) -U(t,a))Cf (a)da)

i U+, 0) ~U )

s h-0 h

Cf (ar)dal = f AU (t,0)Cf (o)da:

and
lim 2 ("U(t + h,a)Cf (a)da = C2(t
im [ "U(t+ha)Ct (@)dar = CoH(Y
So, if I:U(t,a)Cf(a)da 0D, then

g = [[AOUL)CE @)da +C*f ()

A(t)J’:U(t,a)Cf (c)da +C2f (t)

A(t)g(t) +C*f (t).
Therefore:

2(t) = %U(t,s)Czo +A(f) f U(t,a)Cf (a)do +C2f (1)

AU (t,s)Cz, + f U(t,a)Cf (a)da +C2f (1)

A(t)(U (t,s)Cz, + I‘ U(t,a)Cf (a)da) +C2f (1)

A(t) z(t) + C% f(t).
The uniqueness is consequence of Theorem 3.7.
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4. A LEMMA ON REGULARIZED EVOLUTION OPERATORS

In this section we shall characterize a family of regularized evolution operators that can be used to and a
variation constants formula for a broad class of nonautonomous partial differential equations.

Lemma 4.1: Let Z be a Hilbert Space, {U (t, 9)},...,.., a family of regularized evolution operators and
P(D: [0, ®) - L(Z);n=1,2,... afamily of strongly continuous orthogonal projections on Z, which are
complete and

PMOUM s)=U(ts)P(s);n=12...,0ss<t<o,

Let us define the following family of linear operators
u(t, s) = zUn(t,s)Pn(s)z, 0<s<t<o.
n=1

Then, the following statements holds:

() {U(t, s)},..... isaregularized evolution operator, if |U (t, s)[ <g(t,s),n=1,2,..., with g(t, s) =0,
continuous in 0 £ s <t < oo,

(i) The generator A(t) : D — Z of {U(t, s)},...,.. IS given by

Az =Y AP, ()z,z 0D,
n=1
where
O hd ) 0
DOW=[z0Z: 5 ||A,1)P, )z < .0t O[0,[.
0 =1 0

and if A(t) is a closed operator, then D = W.
(iii) Suppose A(t) is a closed operator. If z 00 D, then U(t, s) z O D.
Proof: We show first that U(t, s) is a bounded linear operator for fixed s = t. In fact, let z O Z. Then

U, )z = <§un(t,s)Pn(s)z, ium(t.s)Pm(s)z>

[

> (U, t9)P,(5)2U,(t5)P,(5)z)

n,m=1

S (P,(OU, (t,5)P,(s)z, P, (U, (t,5)P, (5)z)

n,m=1

51U, @ 9P, ()2 F

< (9t ) Ilzl”
This proves that U(t, s) is bounded.
Now, we will show that U(t, )U(r, s) = CU(t,s) for0=r=s=t< o

uU(t, nU(r, s)z = iUn(t,r)Pn(r)EiUi(r,s)Fﬁ(s)zE
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- iun(t,r)un(r,S)Pn(S)Z

= iCUn(t,s)Pn(s)z
=CU(t, s) z

Next, we show that U(t, s) is strongly continuous in [0, o). In fact:

o 2
lU(t, s)z—Cz |]? = Z P.(s)Cz
n=1

= iII(Un(LS)-C)Pn(S)Z”Z

= ZII(U (t.s)=C)P(s)z " + Z U, ts)-C)P,(s)z I

n=N+1

sup [|(U,(t,s) —C)P,(s)z " N +K Z IP.(s)z P

1sns<N n =N+

IN

where K= sup |U,(ts)-CI|<(g(t,s)+1)°

0<s<tl;n=1

Since {U (t, )}, ...,., (n=1,2,...) s a strongly continuous regularized evolution operator and
{P,(s)},., is a complete orthogonal projections, given an arbitrary ¢ > 0 we have, for some natural
number N and 0 < s <t < 1, the following estimates:

Z IP.(s)z I <—, sup [lU,(t,s) =C)P,(s)z | <—
n=N+1 2K icnsn 2N
and hence
|U(t, s) z - Cz|* < —N+K— =€.
2N 2K

Therefore, U(t, s) is a strongly continuous regularized evolution operator in [0, «). Let A(t) be the
generator of this evolution operator. Then, from definition 3.4, we have for all z I D,

At)z=C

_1h“m U(t+h,r;[)z—Cz _ U, (t+ h 1) - C)P vz
-0*

ct I|m Z

Therefore,

P (DA(t)z

= (U, (t+ht)-C
h

P (t)%ﬁ‘lt!ml Pn(t)zg

n

Uy t+h)-0)
h-o* h

=A ()P, (Dz
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Hence,
AWZ= 3 POADZ= 3 AOP,0)7,
0 © , O
and DOW=[0Z: ZH A (t)P,(t)z|* 0, Ot 0[0,0) [
O n= O

. U > U
Now, suppose A(t) is closed and z 0 [z OZ: Z||Ak(t)Pk(t)z||2< oo, (It OJ[0, ) 7.
0 = O
Then

gu AOPOZ|F < %, t 0 [0, )
and y = 2Ak(t)Pk(t)z.

Therefore, if we consider z, = Z P.(t)z, then z 0O D and A(t)z, = Z A ()P (t)z.
=1 =1

Hence, limz =z and lim A(t)z, = yand since A(t) is a closed linear operator we get that z 0 D and

n-oo

A)z=y.
(iii) If A(t) is a closed operator, then D = W. Then for all z 0 D we consider the following estimate

> IA P, 1)z P < oo, forall 0 <t < oco. Then
n=1

2 2

©

S AOPU(LS)?

n=1

n=1L

iMt)Pn(oaiuk(t,s)pk(s)za

2

= |3 A B, EIP6)

IA

S IAOU, CIR62IF

< @) Y I A OS2

< 00,

forall 0 <s<t<o. Hence, U(t,s)zODforallzODand 0<s<t< oo,
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5. APPLICATIONS

Here we shall use the foregoing results to find a formula for the following system of non autonomous
partial parabolic equations:

[Bug:t, X) = DAU(t,S)"'B(t)U(t,S)'l'GZ(X)f(t’X),t >0, u DR”,

O

Baugr;)() = 0t>xboq, (5.1)
%’(O,X) = GZ(X) P(x).x 0Q,

- Q is a bounded domain in &Y (N = 1), a, {L*(Q), with a(x) > 0,0x0Q and D isan n x n
matrix whose eigenvalues are semisimple with non negative real part or strictly positive and f: K x Q - K"
is a smooth function. We assume that the operator B O P_ ([0, «); T (2)) :

{B/(zl,B([)Jz2>es medible 0z,z, 0Z y (ess sup || B() [l ,,< oo}

0<t<om

with Z = LX(Q).

5.1. Abstract Formulation of the Problem

We choose a Hilbert space where system (5.1) can be written as an abstract differential equation; to this
end, we consider the following notations:

Let us consider the Hilbert space Z = L*(Q, K) y0=A <A, <...< )\j - oo the eigenvalues of each
one with .finite multiplicity -4, equal to the dimension of the corresponding eigenspace. Then, we have
the following well known properties (see [9]):

(i) There exists a complete orthonormal set {(pL .+ of eigenvectors of — A.
(if) For all & O D (-A) we have
D& = $ A —L-<&0,=S NEE, 5.2
E ;Jj:]_ E(plvk ;JJE ( )
where
Vi
EJ-X = Zl<§,(P,-,k > (5.3)
So, {Ej} is a family of complete orthogonal projections in H and

(iii) A generates an analytic semigroup {T,(t)} given by

T,(Hx = ie‘”EjE (5.4)
J=1

(iv) There exists a constant M = 1 such that:

-\;Dt

[e ™| <M, t<0, n=1 23,..

Now, we denote by Z the Hilbert space (L*(Q,R") and define the following operator
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A:D(A)0Z - Z, Ab=-DA|

with D(A) =H?*(Q,R") n Hy(Q,R"). Therefore, for all z 0 D (A) we obtain
Az= S ADPz and S Pz|zI|f = YIIPzIf, zO2Z,
; 7t ; i ; i

where
Pj = diag (Ej, Ej, Ej)

is a family of complete orthogonal projections in Z. Using Lemma 3.1 from [4] one can prove
the following theorem.

Theorem 5.1: The operator — A is the infinitesimal generator of a strongly continuous semigroup
{T.(1)},.,in the space Z, given by

©

T, (Dz= Ze‘MD‘pjz, z0Z,t=0. (5.5)
J:
Consequently, the system (5.1) can be written as an abstract ordinary differential equation in Z:

é‘% = —Az(t) + B(t)z(t) +C*fe(t), t>0

H z(0)=C?z,
where z, 0 Z, C : Z - Z is an injective bounded linear operator defined by :
(CH(x)=a(x) z(x),zO Zx OQ,
which is trivially injective, and f&: [0, ) — Z is a function defined as follows:
fe(t) (x) =f(t, x), t =0, x O Q.
In case that f¢ = 0 the system (5.6) is given by:

Cdz(t) _
%T_ Az(t) +B(t)z(t), t>0, (5.7)

Fe(s) =C?z,
Definition 5.2: (Mild Solution) Note any solution z of the initial value problem (5.7) satisfies the
integral equation.

(5.6)

t
2(t) =T, (t-s) Cz, + J‘STA(t—y) B(y)z(y)dy, t O [s, ), (5.8)
but the converse is not true since a solution of (5.8) is not nessessarily differential. We shall refer to

a continuous solution of (5.8) as a mild solution of (5.7); a mild solution is thus a kind of generalized
solution.

Define the following operator in the space Z fort=s =0 by
Ut s)z, = T,(t—s) Cz, + J’:TA(t ~V) By)U(t, y)z,dy. (5.9)

Then, Lemma 4.1 we get the following results,
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Theorem 5.3: The family of operators {U(t, s)}
opeator on Z such that

defined by (5.9) is a strongly continous evolution

t2s20

U, s)z= ZUn(t,s)Pnz,z 0Z,t=2s=0, (5.10)

where {{Uj(t, 8)},.,., ] = 1. 2, 3, ...} is a family of strongly continuous evolution operators on Z/ = Pz
defined as follows

U(t, s) Z,=2 (t, s, Z)
where Z(0)l is the unique solution of the initial value problem
020 _ ) bty + B (02(0), t >,
N dt J ]
H z(s)=Cz)

Therefore, the system (5.7) y (5.6) are equivalent to the following two system of ordinary differential
equations in Z respectively.

(5.11)

@d% =—A@) +z(t), t>s,

(5.12)
H 2(s) =Cz,,
Euﬂz/\(t)ﬂ(t)”e(t), t>s,
0 dt (5.13)
H 2(s) =Cz,,

where A(t) = -A + B(t) is the infinitesimal generator of the evolution operator {U(t, s)},. ..

Finally, applying Theorem 5.3 we obtain the following result:

Theorem 5.4: The abstract Cauchy problem in the Hilbert space Z

2O _ A+ 20+ 7o), tes,

0 dt
H z(s) =Cz,,
where A(t) is the generator of the evolution operator {U(t, s)}, .. admits one and only one solution
given by:
2(t) = U(L9)2, + [ULY) CF (v t 2. (5.14)
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