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Abstract In this paper, we prove the approximate controllability of the following
semilinear beam equation:

3%yt ay(t, .
EXCD _2pa 280 p2y0 4t 0+ ft, v, yiw, in 0.0 x 2,
y(t,x) = Ay(t,x)=0, on(0,7) x 0L,

y(0,%) = yo(x), yi(x)=1p(x),x € Q,

in the states space Z; = D(A) x L*(Q) with the graph norm, where g > 1, Q is a
sufficiently regular bounded domain in IR", the distributed control u belongs to
L2([0,7]; U) (U = L*(R)), and the nonlinear function f:[0,7] x R x R x R —
IR is smooth enough and there are a, ¢ € IR such thata < )ﬁ and

sup | ft, y,v,u) —ay —cu |< oo,
t,y,v,u)e Q-

where O, = [0, 7] x IR x IR x IR. We prove that for all ¢ > 0, this system is approx-
imately controllable on [0, 7].
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1 Introduction

In this paper, we prove the approximate controllability of the following semilinear
beam equation:

2
% - 25AM — AZy(t, x) + ult, X)

+F (Y€ x), yi(t, x), u(t, ). in (0.7) x (1.1)
y(t,x) = Ay(t,x)=0, on(0,7) x 9L,

y0,x) = yo(x), y(x) =wvo(x), xe€LQ,

where B > 1, Q is a sufficiently regular bounded domain in IRY, the distributed
control u belongs to L?*([0,t]; U) (U = L*(R)), and the nonlinear function f:
[0, 7] x IR x IR x IR —> IR is smooth enough and there are a, ¢ € IR such that a <
Af, with A; as the first eigenvalue of —A with Dirichlet boundary condition, and

sup | f(t, y,v,u) —ay — cu |< oo, (1.2)
(t,y,v,u)€Q;

where O, = [0, 7] x IR x IR x IR. We prove that for all T > 0, system (1.1) is approx-
imately controllable on [0, t].

Here, the state space is Z; = [ H*(Q) (| H} ()] x L*(Q) = D(—A) x L*(Q) en-
dowed with the graph norm; that is to say

y
)
vl = llvllz> = ‘//Q [v(0)2dx, Vv e LA(Q).

X)

SN [N
Z,

where

ay(t
Remark 1.1 The term —28A y(at

energy space used to set up the wave equation is not adequate here. In fact, the
uncontrolled linear equation can be transformed into a system of parabolic equations
of the form z, = DAz (see [4]), which shows that Z; = [H*(Q) () H)(Q)] x L*(Q)
is the right space for an abstract formulation of the problem. The controllability of
similar equations was proposed in [8] as a future work.

in Eq. (1.1) acts as a damping force; hence, the

Definition 1.1 (Approximate Controllability) System (1.1) is said to be approximate
controllable on [0, r] if for every zo = (yo, vo)?, z1 = (y1, v1)! € Z;, € > 0, there
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Controllability of the Semilinear Beam Equation

Fig.1 Verification of
lz(x) = z1l]

2(0) = 2o

exists u € L?(0, ; U) such that the mild solution z(f) = (y(?), y:(©))” of Eq. (1.1),
corresponding to u, verifies (Fig. 1) the following:

2(0) =z¢ and | z(7) — 21 llz,< €.

Under certain conditions, we prove the following statement: The nonlinear
system (1.1) is approximately controllable on [0, r]. Moreover, we can exhibit a
sequence of controls steering the system from an initial state to an e-neighborhood
of a final state in a prefixed time 7.

Now, we shall describe the strategy of this work:

First, we prove that the auxiliary linear system in (0, 7) x ©

ay(t, x)

Py9 _ g4 A2
T B — Ay(t, x) + u(t, x) + ay(t, x) + cu(t, x),

y(t, x) = Ay(t,x) =0, on (0,7) x 92,
y(0,%) = yo(x), yi(x) =v9(x), x¢€Q,

(1.3)

is approximately controllable.
After that, we write system (1.1) in the following form:

a2 y(t, ay(t,
);(tz %) =2B8A y(a: 0 _ A%y(t, x) + u(t, x)
+ay(t, x) +cu(t,x) + g, y, y,,u), in (0,7) x Q (1.4)
y(t,x) = Ay, x)=0, on(0,7) x 0L,
y0,x) = yo(x), y(x)=vo(x), xe€,

where g(t, y,v,u) = f(t, y,v,u) —ay —cu is a smooth-enough and bounded
function.

The technique we use here to prove the controllability of the linear equation (1.3)
is based on the Kalman condition [7] and Lemma 3.1.b from [6].

To prove the approximate controllability of the nonlinear system (1.1), we take
some ideas from [14]. That is to say, the approximate controllability of system (1.1)
follows from the approximate controllability of system (1.3), the compactness of the
semigroup generated by linear part of system (1.3), the uniform boundedness of the
nonlinear term g, and applying the Schauder fixed point theorem.

2 Abstract Formulation of the Problem

In this section, we choose the space in which this problem will be set as an ab-
stract ordinary differential equation. Let Z = L?(R2) (with the norm |z|| = ||z|lz> =
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A. Carrasco et al.

zllz,z € Z) and consider the linear unbounded operator A: D(A) C Z — Z
defined by A¢p = —A¢, where

D(A) = H)(Q) N H*(Q). (2.1)

The operator A has the following very well-known properties: the spectrum of A
consists of only eigenvalues

O<Xti <t < <Xy — 00,

each one with multiplicity y, equal to the dimension of the corresponding eigenspace.

(a) There exists a complete orthonormal set {¢n,k}Z”: »n=1,23,... of eigenvec-
tors of A.
(b) Forall z € D(A), we have
(&) Vn [e%e]
Az = Z)"n Z <2z, ¢n,k > ¢n,k = Z)\'IZEHZ7 (22)
=1 k=1 n=1
where < -, - > is the inner product in Z and
a
E,z= Z < Z, bk > Puk- (23)
k=1

So, { E,,} is a family of complete orthogonal projections in z and

z=2Enz, ze”Z. (2.4)

n=1

(c) —A generates an analytic semigroup {7'(f)},>¢ given by

Tz = Ze‘*”‘Enz. (2.5)

n=1

(d) The fractional powered spaces Z" are given by

oo
Z'=DA)={zeZ:Y MW|E;z|* <oop. r=0,
j=1
with the norm

172
o0

2 2
Izl = 1Azl = { D AT IE;zIP . ze Z',
Jj=1

and
A'z=> NEj. (2.6)
j=1

For r=1, we define Z, = Z! x Z, which is a Hilbert space with a norm given by

()

}1/2

= {lyI + Ivl?
Z,
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Controllability of the Semilinear Beam Equation

Hence, Eq. (1.1) can be written as an abstract system of ordinary differential
equations in the Hilbert space Z, as follows:

r v,
Y .7)
vV =—A%y - 2BAv+u+ f(t,y,v,u).

Finally, Eq. (1.1) can be rewritten as a first-order system of ordinary differential
equations in the Hilbert space Z; as follows:

?=Az+ Bu+ F(t,z,u), z€ Zy, t >0
where u € L*([0,t]; U), U =Z = L*(Q),

A= (_212 _;g A) (2.8)

is an unbounded linear operator with domain
D(A) ={ye H(Q): y=Ay=0 on (0,7) x 9Q} x D(A),

ie.,

ZZ(i})eD(A)@ye{yeH“(Q): y=Ay=0 on (0,r)x8£2} and ve D(A).

I1=1;:7Z = L*Q) — Z is the identity operator, B: U — Z,, B = (IO ) is
z

a bounded linear operator, and F(t, z, u) = ( > is smooth enough

ft, y,v,u)
with
sup || F(t,z,u) — B2 — Bu || z,< oo, (2.9)
(t.z.0)€0:
where O, =[0,7] x Z; x U and B* = 0 and B¢ = 0 a<
e =101 ! “\al “\er 4=

Systems (1.3) and (1.4) can be written as an ordinary differential equation in
the Hilbert space Z; as follows:

7 = Az+ Bu+ Bz + B‘u, t € (0, 1], (2.10)

7 =Az+ Bu+ Bz + B‘u+ G(t, z,u), t € (0, 7], (2.11)

where G(t, z,u) = F(t, z,u) — Bz — B‘u.
On the other hand, hypothesis (2.9) implies that

sup || G(t, z,u) ||z, < oo. (2.12)
(t.z.1€Q,

Therefore, G : Q, — Z is a smooth-enough and bounded function.

Now, using the following lemma from [10], we can prove that the linear
unbounded operator A given by the linear equation (2.8) generates a strongly
continuous compact semigroup in the space Z;, which decays exponentially to
zero.

@ Springer



A. Carrasco et al.

Lemma 2.1 Let Z be a Hilbert separable space and { A j} j>1, { Pj} j=1 the two families of
bounded linear operator in Z, with { P}} ;=1 a family of complete orthogonal projection
such that

Aij: P,’A]‘,jZ 1.
Define the following family of linear operators:
o]
Tz = ZeA"sz, ze€Z, t>0.
=1
Then:

(a) T is a linear and bounded operator if ||eA"|| < g(t), j=1,2, ..., with g(t) > 0,
continuous fort > 0.

(b) Under the same condition with that in (a), {T(t)}0 is a strongly continuous
semigroup in the Hilbert space Z, whose infinitesimal generator A is given by

oo
Az =Y APz, ze D(A),
j=1
with
D(A)={z€Z:) ||AjPgz|* < o0
=1

(c) The spectrum o (A) of A is given by
o(A) =|Jo(4).
j=1

where A; = AjP;: R(P)) — R(P)).

Theorem 2.1 The operator A is the infinitesimal generator of a strongly continuous
compact semigroup {T(t)};>o represented by

o0
Tz = ZeAf’sz, 2€Z, t>0, (2.13)
j=1

where { P}} >0 is a complete family of orthogonal projections in the Hilbert space Z,
given by

Pj = diag(E]-, Ej), (214)

and

0 1
A;j=K;P;, K;= i> 1,
I I (—A§ —2mj> /

and the adjoint operator A* of the operator A is given by
- - 0 -1
AT=K;P;,, K;,= > 1.
J Jti ] <)»? _2,3)*)') J

@ Springer



Controllability of the Semilinear Beam Equation

Moreover, the eigenvalues o1(}), 02(j), of the matrix K are simple and given by
o1(J) = =Xjp1, 02()) = —Ajp2
where 0 < p; < py is given by

—VBr—1 and ,02:,34—\/;327—1; , BP> 1,

and this semigroup decays exponentially to zero
I 7@ < Me™, t>0,

where p = dip1 and | T(t) |= supyzj-1 | T®)z].

Proof Let us compute Az:

2 2/3A> <y>

— A%y — 2,3Av)

Z]_ Ej
-y lxz iy =282 MEjv
)

/_1<AEy 2mEu>
B 0 1 Ei 0\ /[y
=2 (% 2, ) (05) ()

= ZA,’P}'Z.
=1

3

—_

It is clear that A;P; = P;A;. Now, we need to check condition (a) from Lemma 2.1.
To this end, we observe that the eigenvalues o, (j), 02(j) of the matrix K; are simple
and given by

o1()) = —xjp1, 02()) = —Ajp2
where 0 < p; < p; are given by

—VB =1 and p=B+VB—1; B> 1.

Since the eigenvalues of K are simple, there exists a complete family of complemen-
tary projections {g;(j)}7_, in IR* such that

K; =a(pqi()+o1()g())
kit = e hiPiq () + e qa (),

@ Springer
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where q;(j), i=1,2,is given by

1
x;

(,02 ; )
(o1 = p2) \—2; p2 — 2B

_ 1 P1
20 =00 ( 3 o1 28

Q)=

>,‘_

Therefore,

Aj =0 (PP +o1(HPp
eAit = eikfp‘tle + efkfpthjz,

and
=Y {o(D Pz +02(j) Pz} . (2.15)
j=1

where Pj; = q;(j) P;is a complete family of orthogonal projections in Z;.

To prove that e P, : Z| — Z, satisfies condition (a) from Lemma 2.1, it will be
enough to prove for example that e **'q;(n)P,,n = 1,2, 3, ... satisfies condition
(a). In fact, consider z = (z1, z2,)T € Z; such that | z|| = 1. Then,

||z1||1—ZA2||E,z1|| <1, ||z2||Z—Z||E,z2|| <1,

j=1 =1

Therefore, L[| Ejzi|| < 1, | Ejz2ll <1, j=1,2,....Then,

=2xnpit

1
e pE,zi + TEnZZ

|e_)""p'[Q](”l)PnZ”2Z| =— N
(o1 =P)" | 3, Euzi + (2 — 2B) Enz

Z,

8*2)&/1)0][ i

= WZA ||E (PzEnZL + — EnZZ> ||

(o1
e_z)\nﬂ]l e
+W Z 1Ej (—AnEnzi + (02 = 28) Enz2) |I?
8*2)&/1)0][ 1 5
()Ol )2 “)\anEnzl + TnEnZZH
6_2)‘"'0][ )
+——— | =t Enzi + (02 = 2B) En2oll”.
(o1 — p2)

Since Aj|Ejzi|l <1 and ||Ejzzll <1, j=1,2,..., we get that

—Anprt

e 7 qy (n) Puzlly, < MPe 0!
where M = M(B) > 1 depending on 8. Then, we have

e qy(n) Pyllz, < M(B)e ™™™, t>0n=1,2,....

@ Springer



Controllability of the Semilinear Beam Equation

In the same way, we obtain that
le™* > qa(n) Pl z, < M(B)e ™™™, t=20 n=1,2,....
Therefore,
e Pallz, < M(B)e™, t20n=12,...,
was
n=A1p1.

Hence, applying Lemma 2.1, we obtain that A generates a strongly continuous
semigroup given by Eq. (2.13), which implies that this semigroup is compact.
Next, we prove that this semigroup decays exponentially to zero. In fact,

IT@zI> =Y lle* Pz||?
j=1

o0
Ajt2 2
<> e PPzl

j=1
o0
< M*Be Y || Pzl
j=1
= M*(B)e | z|*.
Therefore,

ITOI = MBye™, t=0.

]

Systems (2.10) and (2.11) also can be written as follows:
7 =Az+(B+BYu, ze Z;t€ (0, 1]. (2.16)
7 =Az+(B+BY+Gt z,u), ze€ Z te(0,1] (2.17)

where the operator A is given by
_ 0 Iz
A= (—A2+a1 —ZﬂA)' (2.18)
The following corollary follows from the foregoing theorem:

Corollary 2.1 The operator A is the infinitesimal generator of a strongly continuous
compact semigroup {T,(t)};>o represented by

(o]
T,z = ZeAftsz, z2€Zy,t=0
=1

@ Springer
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where { P} >0 is a complete family of orthogonal projections in the Hilbert space Z,
given by

P;=diag(E;, E)), 2.19
j gL, L
and
0 1 .
Aj=KiPj K= 2 ta-2pr;) 1ZL
j

and the adjoint operator A* of the operator A is given by
a
- - 0 - —1
A’E:K/'P/', K/': )"]‘ ]Zl
A3 —2p2;
Moreover, the eigenvalues o1(j), o2(j), of the matrix K are simple and given by
o1()) = —Ajprj, 02()) = —Ajp2j

where 0 < pij < pyj is given by

a a
pi=B= B =145 and py=p+ [B =145 a<i >1,
J j

and this semigroup decays exponentially to zero
I To@®) < Me™, t >0,

where i = Xy p1y and || To(t) ||= supyz=1 1 T (O z]l.

3 Approximate Controllability of the Linear System

In this section, we shall prove the approximate controllability of the linear sys-
tem (2.16). To this end, for all zop € Z; andu € L*([0, t]; U), the initial value problem

7/(t) = Az(t) + (B + BYu(t), ze€ Zy,

3.1)
z(0) = zo,
admits only one mild solution given by
t
z(t) = T,(H)zo +/ T,(t —s)(B+ BYu(s)ds; t € [0, T]. (32)
0
Definition 3.1 For system (3.1), we define the following concept:
The controllability map (for T > 0) G, : L*([0, t]; U) —> Z, is given by
Guu = / T.(t — $)(B + Bu(s)ds, (3.3)
0
whose adjoint operator G* : Z; — L*([0, t]; U) is given by
(G22)(s) = (B* + (B))Tu(r —s)z, Vs € [0, 7], Yz € Z;. (34)
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The following lemma is trivial:

Lemma 3.1 Equation 3.1 is approximately controllable on [0, 1] if, and only if,
Rang(G,) = Z,.

The following theorem is a characterization of the approximate controllability of
system (3.1) (see [1, 2, 15]):

Theorem 3.1 System (3.1) is approximately controllable on [0, ] if, and only if, any
one of the following conditions hold:

(a) Rang(G,) = Z,.
(b) Ker(G3) = {0).
(c) (B+B)*Ti(s)z=0, Vse[0,71]= z=0.
(@) limgora(@l + G,GH) "'z =0.
(e) supa-olle(@l +G,G)™"|| < 1.
() (G,Giz,2)>0, z#0in Z.
(g) Forallz € Zy, we have Gauy = z — a(al + G,G) "'z, where
Uy = Gial + G,GH)7 'z, @ € (0, 1].
So, limy_,0G.u, = 7 and the error E,z of this approximation is given by

Eyz =a(al +G,G) 7'z, @ € (0, 1].
Remark 3.1 Theorem 3.1 implies that the family of linear operators
Tyz=(B+ BYT!)al+G,G) 'z =Gl + G,GH 7'z
is an approximate inverse for the right of the operator G, in the sense that
ali_r>no G,Tyz=12z, VzeZ.
In other words,
ali_r)n() G,y =1,
in the strong topology of Z,.

Now, we are ready to prove the controllability of the linear system (2.16).

Theorem 3.2 System (3.1) is approximately controllable.

Proof It is easy to see that P;(B+ B)(B+ B°)" = (B+ B°)(B+ B)*P;, j=
1,2, ....Then, applying Lemma 3.1. part (b) from [6], we obtain that the approximate
controllability of system (3.1) is equivalent to the approximate controllability of each
of the finite dimensional systems

Y =Ay+ B+ BYu(), y@eRan(P), t>0j=12,..., (3.5)
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where (B + B)j = Pj{(B+ B);: U — Ran(P)),

(B+ B)ju= Pj(B+ B)u

0
- <1+c> Eju

= D]'E]'M.

But, the approximate controllability of system (3.5) is equivalent to the controllabil-
ity of each of finite dimensional systems

¥=Cix+Dju, xe¢ R?, (3.6)
where u € R and
0 22 a
ci=|a . c- "2 2k =
IS 5 —1-281 | i, =8 7=4
A2 32 —2BA;

And it is known (see [7, 9]) that system (3.6) is controllable if, and only if,
Rank[Dj|C,-D,-] = 2,

which, doing the respective calculation, is trivially true.
In fact, the controllability of systems (3.5) and (3.6) are equivalent, respectively,
to the following uniqueness continuation principle (see [1, 2]):

(B+ BYje"i'y =0, Vie[0,7]=y=0, y<cRan(P)).
Djfec?tx =0, Vie[0,7]=x=0, x € R%.
On the other hand, we have that

(B+ B¢ ’]‘-eAjty = D’}‘-ekf’P]-y = D’]‘-ec*’P]-y, Vte[0,7]1= Pjy=y=0.

In consequence, we have proved that system (3.1) is approximately controllable. 0O

4 Controllability of the Semilinear Beam Equation

In this section, we shall prove the main result of this paper, the controllability of
the semilinear beam equation given (Eq. (1.1)), which is equivalent to prove the
approximate controllability of system (2.10). To this end, we note that since the
function G(t, z,u) is smooth enough, then for all zo € Z, and u € L*([0, ]; U)
the initial value problem

() =Az+ B+ BYu+G(t,z,u), t =0,
4.1)
z(0) = zo,
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admits only one mild solution given by (see [5], p. 90)

t t
z(t) = T,(t)z9 + / T,(t —$)(BC + B)u(s)ds —1—/ T.(t—5)G(s, z,u)ds, t € [0, t].
0 0
(4.2)

Remark 4.1 (See [11, 12], and [13]) The function G is smooth enough if:

(a) The mild solution z(1) = z, of problem (4.1) is unique.

(b) The mild solution z(u) = z, depends continuously on .

(c) Moreover, If F is a Lipschitz function, then z (1) = z,, as a function of u, is also
a Lipschitz function.

Remark 4.2 The approximate controllability of system (4.1) consists in what follows:
Given two states zg, z; € Z,, find a control u € L*([0, t]; U) such that the corre-

sponding mild solution (4.2) z = z, = z(u) satisfies

21 &~ Tu(t)z0 + / T,(t —5)(B° + B)u(s)ds +f Ty(t —9)GC(s, 2y, wyds,
0 0

ie.,
z1— Tu(t)z90 = /OT T,(t —$)(B + B)u(s)ds + /O’ T.(t —5)G(s, 7, wyds,
ie.,
2 = Tu(Dz0 ~ Ga(w) + /0 " Tut — 9GS, 2 wyds.
1.€.,

Ga(u) ~ 2y — Ty(t)20 — / To(t — G5, 2y, w)ds,
0
where the notation / & m indicates that / is approximately equal to m.

Remark 4.3 Without lose of generality, from now on, we will assume that initial state
zo 1s fixed.

These remarks serve as a motivation for the following definition:

Definition 4.1 For system (4.1), we define the following concept: The nonlinear
controllability map (for t > 0) G, : L*([0, t]; U) —> Z; is given by

Gyt = / T.(t — 8)(BE + B)u(s)ds +/ Tu(t —$)G(t, 2y, wyds = G,(w) + H(u)
0 0
where H : L*([0, t]; U) —> Z, is the nonlinear operator given by
H(u) = / T.(t —5)G(t, z4, u)ds,
0

where z =z, = z(u) is the corresponding mild solution of the initial value
problem (4.1).
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The following lemma is trivial:

Lemma 4.1 System (4.1) is approximately controllable on [0, t] if, and only if,
Rang(G,) = Z,.
Proof

(Sufficiency) Suppose system (4.1) is approximately controllable on [0, ]; i.e., for
all z; € Z, and € > 0, there exists a control u € L*([0, t]; U) such
that the corresponding mild solution of the initial value problem (4.1)
satisfies

lz(v) — zillz, <e.

Now, we shall prove that Rang(G,) = Z;. In fact, if we put, for all
z€ Zy,z1 =z + T(tr)z0, we obtain that

z() — zillz, = l12(x) — T(1)z0 — zllz, = 1Gg(w) — zllz, <,

which implies that Rang(G,) = Z.
(Necessity) Suppose that Rang(Gy) = Zi; i.e., for all € >0 and z € Z,, there
exists a control u € L*([0, t]; U) such that

[Ge(w) — zllz, <.

Now, if we put, forall z; € Z, ande > 0, z = z; — T,(7)z¢, We obtain

that
1Gg() — zllz, = 1G4 () + T(1)z0 — 21llz, = 12(7) — z1llz, <€,
which implies that system (4.1) is approximately controllable. O

From the above remarks and lemma, we have the following approximation:
Go(w) ~ 21 — Tu(t)z0 — Hw) = z — H(u),

where z = z; — T,(t)zo. This motivates the following definition:

Definition 4.2 The following equation will be called the controllability equation
associated to the nonlinear system (4.1)
u=Ty(z— Hw) = Gl +G,G) ' (z— Hw), 0 <a <1).

Now, we are ready to present and prove the main result of this paper, which is the
approximate controllability of the semilinear beam equation (1.1)

Theorem 4.1 System (4.1) is approximately controllable on [0, t]. Moreover, a se-
quence of controls steering system (4.1) from initial state z to an e-neighborhood of
the final state z, at time t > 0 is given by

Uue(t) = (B+ BY'T;(x = (al + GG}~ (21 = Tu(t)20 — H(uy)),
and the error of this approximation E, is given by

E, =a(al + G,G) N (z1 — Tu(t)zo — H(uy)).
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Proof For each z € Z, fixed, we shall consider the following family of nonlinear
operators K, : L%([0, t]; U) —> L*([0, t1; U) given by

Ko@) = To(z — Hw) = Gi@I + G,G) ™ (z = Hw), (0 <a < 1).

First, we shall prove that for all « € (0, 1], the operator K, has a fixed point u,.
In fact, since the semigroup {7,(f)}¢ is compact, then using the result from [3],
the smoothness and the boundedness of the nonlinear term G, we obtain that the
operator H is compact and the set Rang(H) is compact.

On the other hand, since G is bounded and || T,(¢) ||< Me ", t > 0, there exists a
constant R > 0 such that

| Hw) ||I< R, VYu e L*0,t; U).
Then,
| Ko@) <l To Il (I z | +R), Yue L*0,7; U).

Therefore, the operator K, maps the ball B,(0) C L*(0, r; U) of center zero and
radio r >|| Ty || (|| z || +R) into itself. Hence, applying the Schauder fixed point
theorem, we get that the operator K,, has a fixed point u, € B,(0) C L*([0, t]; U).

Since Rang(H) is compact, without loss of generality, we can assume that the
sequence H(u,) convergestoy € Z;. So, if

Uy = To(z — H(ug)) = Gi(al + G,G2) ™' (z — H(uy)),

then
Gala = Galo(z — H(uy)) = G, Gj(al + G, G) ™ (z — H(ua))
= (@l + G,G* —al)(al + G,G:) ' (z — H(uy))
=7 — H(uy) — alal + G,G*) "' (z — H(u,)).
Hence,

Gaua + H(ua) =27 0[(0[]—|— GaGZ)il(z - H(ua))
To conclude the proof of this theorem, it is enough to prove that

lim0 {—ot(otl—l— GaGZ)fl(Z - H(Ma))} =0.

From Theorem 3.1 part (d), we get that
lim0 {—a(al—|— GaGZ)fl(z — H(ua))} = — lim {—oc(oc]—l— GaGZ)*lH(ua)}
= — lim {~a(al+ GG (H(uy) — y))
{

- lim {~a(l+G,G))"'y)
= — lim0 —a(al + G,G) ™ (H(uy) — }’)} .

On the other hand, from Theorem 3.1 part (e), we get that
la (el + GuGE)™ (Hug) — y) 1<l Hte) = y | -
Therefore, since H(u,) converges to y, we get that

lim0 {—a(al + GG (H(uy) — )’)} =0.
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Consequently,

lim0 {—a(@l+ G,GH ™ (z — H(u))} = 0.

So, putting z = z; — T,(tv)zo and using Eq. (4.2), we obtain the following nice
expression:

z mO {Ta(‘[)ZO + /T T,(t — s)(B° 4+ B)ugy(s)ds + /T T.(t —s5)G(s, zu,, ua)ds} .
0 0

1=l
o—>
O
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